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ABSTRACT 

A multi-scale model based on sub-laminate homogenization and decomposition of sub-laminate 

stress and strain is presented to analyse thick composite structural failure, and in which the shear 

nonlinearity is considered. The thick-sectioned laminates are modelled at a sub-laminate level whilst 

the structural failure is predicted at a ply level. In addition, an improved cohesive zone model which 

considers the resistance of inter-laminar compressive stress is used to predict the inter-laminar 

delamination. Two user-defined FORTRAN subroutines (VUMAT) have been written for 

ABAQUS/EXPLICIT solver and is used to model the shear nonlinearity , intra-laminar and inter-

laminar failure. The modelling has been employed to predict the failure processes for Iosipescu shear 

test specimens. The results show that both the failure mode and the load-displacement trace for finite 

element simulations match well the experimental findings. This demonstrates the validity of the multi-

scale nonlinear three-dimensional model for thick laminates and the compressive resistant cohesive 

zone model for inter-laminar delamination. These simulations are validated by experiments using 

Digital Image Correlation (DIC). 

1 INTRODUCTION 

For thick composite laminates, the span to thickness ratio is relatively small and out-of-plane 

effects cannot be ignored, hence classical sheet or shell theory is not suitable for such problems. 

Therefore, three-dimensional modelling and three-dimensional failure criteria should be employed. 

Most commercial finite element softwares for composite structure analysis are based on the classical 

two-dimensional laminate theory or three-dimensional ply-by-ply modelling [1,2,3]. For composite 

laminates with hundreds of layers, a three-dimensional ply-by-ply FEA model would be too time-

consuming in calculation and not suitable for engineering analysis. 

For three-dimensional failure criterion, there are severall solutions based on meso-mechanics [4, 5, 

6] and macro-mechanics [7, 8, 9, 10] in The Second World-Wide Failure Exercise (WWFE-II). In 

these analyses, most are based on a ply-by-ply approach except for Bogetti’s multi-scale theory [10]. 

By using sub-laminate homogenization and decomposition of stresses and strains, Bogetti’s multi-

scale theory could effectively reduce the number of elements in the thickness direction of a laminate 

and it is quite suitable for modelling thick composite laminates[11]. Based on this approach, several 

kinds of user subroutines are developed to solve thick laminates problems [12]. In these subroutines, 

the tangent stiffness is used to calculate the nonlinear shear stresses,a very small load increment is 

required to calculate the stresses but the tangent stiffness method is not self-correcting and numerical 

errors can be accumulated. Besides, when using the above subroutines, a database file which contains 

material and layup information will be read repeatedly from local hard disk of a computer or server 

[13,14]. Reading data in this way is inefficient and would cause errors when multiple processors are 

used for parallel computing.  
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Specially, for prediction of inter-laminar delamination, cohesive zone model is an effective and 

widely used approach. Hower, most cohesive zone models ignore the influence of inter-laminar 

compressive stress in predicting damage initiation[15,16].  

This paper presents an improvement of the above multi-scale approach and traditional cohesive 

zone model. Chou’s equivalent theory [17] is employed to calculate the equivalent elastic constants of 

sub-laminates and the self-correcting secant stiffness is used to describe the shear non-linearity. An 

improved cohesive zone model which considers the resistance of inter-laminar compressive stress is 

used to predict the inter-laminar delamination. Two user-defined material subroutines VUMAT is 

written for ABAQUS/EXPLICIT solver. One is used for predicting intra-laminar failure and the other 

is used for predicting the inter-laminar failure.  

2 MULTI-SCALE MODELLING OF STRESS-STRAIN BEHAVIOUR  

2.1 The multi-scale approach 

In this multi-scale approach, a thick laminate is divided into several sub-laminates in the thickness 

direction. For each sub-laminate, there are a number of plies in it. For each sub-laminate, the 

equivalent stiffness should be calculated firstly. After this calculation, the equivalent stiffness is used 

to calculate the general response of the structure, like global sub-laminate level displacements, stresses 

and strains. Then, the local ply level stresses and strains in the material coordinate system are obtained 

through coordinate transformation and decomposition of sub-laminate level stresses and strains. Final 

step is to predict the damage status and the corresponding stiffness reduction. This procedure is shown 

in Figure 1(a). In order to compare the difference between the multi-scale modelling and the 

traditional ply-by-ply modelling, the procedure of ply-by-ply analysis is also supplied (see Figure 

1(b)). 

   

(a) Multi-scale modelling                           (b) Ply-by-ply modelling 

Figure 1: Procedure for multi-scale and ply-by-ply modelling. 
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2.2 3D equivalent stiffness 

According to Chou’s 3D equivalent theory [17], a sub-laminate with a number of plies could be 

equivalent to a monoclinic or orthotropic  material, the equivalent stiffness matrix is shown as follows: 
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where the barred notation “¯”represents the stiffness coefficient in the global coordinate system of 

the laminate and the star “*” signifies an equivalent value. The stress-strain constitutive relationship 

for the sub-laminate is described as: 
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where *   and *   are the global equivalent stresses and strains. 

The coefficients of the sub-laminate stiffness matrix, *

ijC , are defined in Equations 3 to 6:  
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where k refers to the kth ply of the sub-laminate, n represents the number of plies in the sub-

laminate, kV is the ratio of the original thickness of the kth ply to the original total thickness of the 

entire sub-laminate and k

ijC  represents the stiffness coefficient of the kth ply in a sub-laminate in the 

global coordinate system. This is obtained from coordinate transformation of stiffness matrix in local 

material coordinate system [18]. 

2.3 Stress and strain decomposition 

With the global equivalent stiffness, the general response of the entire structure, like global 

stresses *  
 and strains *  

 can be easily obtained. However, all these values are in sub-laminate 

level. In order to decompose the ply level stresses and strains, the following assumptions should be 

introduced [10]: 
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where k

i  and k

i  are the stress and strain components for the kth ply in global coordinate system, 

and *

i , *

i  refer to the stress and strain components for the sub-laminate in global coordinate system. 

With the above assumptions, all the remained ply level stress and strain components could be obtained 

from Equations 9 and 10: 
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Before predicting the failure status of each ply, the ply level stresses and strains in global 

coordinate system have to be transformed to local material coordinate system. 

2.4 Non-linear shear constitutive response 

The non-linear stress-strain relationship between 13  and 13  is defined as[19]: 
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The secant modulus 13

sG could be obtained by the following equation [19]: 
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Where 
0

13G  is the initial shear modulus, 
13S refers to the shear strength and n is the shape factor of 

the nonlinear stress-strain curve. The parameter n is determined by fitting to experimental data as 

shown in Figure 2.  
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 Figure 2: Non-linear stress-strain relationship and the effect of shape factor. 

3. PROGRESSIVE FAILURE MODELLING 

3.1 Intra-laminar failure model 

For in-plane fibre tensile and compressive failure, the maximum-stress criterion is used [8,20,21, 

22]： 
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where TX and CX are the longitudinal tensile and compressive strength. 

For matrix failure, the Hashin criterion is introduced[7]. 
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where TY and CY are the transverse tensile and compressive strength, LS and TS  are the longitudinal 

and transverse (to the fibres) shear strengths,  

For fibre failure, the damage variable fd  is given by: 

1-(1- )(1- )f ft fcd d d                                                                           (17) 
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The index t and c refer to the tensile and compressive behaviours, respectively, 0,1

t and 

0,1

c correspond to the strain in tension and compression at failure initiation point, ,1

t

f and ,1

c

f  

correspond to the maximum strain in tension and compression when the damage variables are equal to 

one. The maximum failure strain ,1

t

f and ,1

c

f can be obtained by: 
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where TX and CX are the tensile and compressive strength in fibre direction, 
t

ICG and 
c

ICG are the 

intra-laminar fracture toughness in fibre tension and compression and L is the characteristic length of 

an element. 

The stress–strain behaviour in fibre tension and compression before and after damage occurs is 

depicted in Figure 3. 

   

Figure 3 : Material behaviour in the longitudinal direction. 

The total damage for fibre and matrix are defined as: 
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where 0

ijC is the undamaged stiffness coefficient in the local material coordinate system. 

After the damaged stiffness matrix for the thk  ply in local material coordinate system k

dC  is 

obtained, it should be transformed from the local material coordinate system to the global coordinate 

system in order to get the global damaged stiffness matrix, k

dC , and then, Equations 5 to 8 are 

employed again to calculate the global damaged equivalent stiffness matrix for one sub-laminate, *

dC .   

For thick laminated structures, it is hard to monitor the damage variables for each ply, which will 

waste a large amount of computation time and storage space. In order to solve this problem, stiffness 

ratio for sub-laminate is introduced [10-12], it is shown as follows:  
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where 
ijR  represents the stiffness ratio, 0,*

ijC  is the equivalent undamaged stiffness coefficient in 

global coordinate system at the beginning of loading, and ,c

ijC  is the current equivalent damaged or 

discounted stiffness coefficient in global coordinate system. The initial valve of each stiffness ratio is 

1.0. At the beginning of each load increment, all the stiffness ratios are used to update the current 

stiffness coefficients, whilst, at the end of each load increment, the up-to-date stiffness radios will be 

calculated and saved according to the current damage status. 

3.3Modified cohesive zone model 

A modified Quadratic nominal stress criterion is introduced to predict delamination initiation, in 

which the influence of compressive normal stress is considered: 
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Where , ,n s t   represent the normal  and the two shear tractions , max max max, ,N T S  represent the 

peak values of the nominal stress when the deformation is either purely normal to the interface or 

purely in the first or the second shear direction, t and s  are friction coefficients in the first or the 

second shear direction. 

The Benzeggagh-Kenane fracture criterion is used to define the mixed mode damage evolution: 

( )[( ) / ( )]C IC IIC IC II III I II IIIG G G G G G G G G                         (28) 

 Where ,IC IICG G refer to the critical fracture energies required to cause failure in the normal and 

the first shear directions,  is a Numerical factor . 

4 COMPARISON OF SIMULATION WITH EXPERIMENTAL RESULTS 

4.1 Validation of multi-scale approach 

Six virtual composite laminates ([08] ,[0/90/90/0]s ,[0/45/-45/0]s ,[032] ,[0/90/90/0]4s and [0/45/-45/0] 4s) 

measuring 20×10mm2 were used to evaluate the performance of the multi-scale approach. The 

laminates were continuously loaded in the fibre direction under displacement control. The material 

system of the specimen is CCF300/5228A with mechanical properties given in Table 1, and the 

thickness for a single ply is 0.125mm.  

1E (MPa) 
2

E (MPa) 
3

E (MPa) 
12

 13
 23

 12
G (MPa) 

13G (MPa) 
23G (MPa) 

138000 9040 9040 0.307 0.307 0.35 4500 4500 3476 

TX (MPa) 
CX (MPa) 

TY (MPa) 
CY (MPa) 

LS (MPa) 
TS (MPa) n  

0

12G  (MPa) 0

13G (MPa) 

1696 1188 71.4 202 102 90 1.3 4500 4500 

Table 1: Mechanical property of uni-axial laminates. 

For comparison purpose, the load-displacement responses for the composite panel with multi-scale 

modelling and traditional ply-by-ply modelling are represented on a single graph. All the computation 

is implemented by using the same number of CPUs and under the same hardware conditions, the 

loading velocity in each FEA model is also the same. Figure 4 compares the structural response 

obtained by using the two different modelling approaches for laminate with 6 kinds of stacking 

sequence. Table 2 compares the accuracy and computing efficiency for the two different modelling 

methods for these composite laminates. 

From Figure 4, the load versus displacement trace for the current multi-scale modelling and 

traditional ply-by-ply modelling are similar. Table 2 also gives the first peak load and the maximum 

load obtained from the two methods which are also similar. This demonstrates that the accuracy of 
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multi-scale modelling is acceptable. Moreover, the stable time increment for the multi-scale modelling 

is much larger than that for ply-by-ply modelling. With such a larger stable time increment and 

relatively fewer finite elements, the current multi-scale modelling is much more efficient in calculation 

than that of the traditional ply-by-ply modelling. 
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Figure 4: Comparison of load-displacement curves for uni-axial traction models of CCF300/5228A 

laminates with different layup sequences  
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Layup 

information 

Modelling 

type 

First peak  

load/N 

Maximu

m load/N 

Stable time 

increment 

[08] 
Multi-scale   16113.5 1.375e-07 

Ply-by-ply  16409.5 4.806e-08 

[032] 
Multi-scale   64103.4 1.215e-07 

Ply-by-ply  65528.9 4.806e-08 

[0/90/90/0]s 
Multi-scale  6687.5 8002.9 1.847e-07 

Ply-by-ply 6303.6 8285.0 4.806e-08 

[0/90/90/0]4s 
Multi-scale  26776.0 32219.9 2.078e-07 

Ply-by-ply 24574.4 33208.0 4.806e-08 

[0/45/-45/0]s 
Multi-scale   8977.9 1.375e-07 

Ply-by-ply  8817.5 3.779e-08 

[0/45/-45/0]4s 
Multi-scale   35926.0 1.917e0-7 

Ply-by-ply  34913.3 3.779e-08 

Table 2: Comparison of accuracy and computing efficiency for different CCF300/5228A uni-axial 

traction models with two kinds of analysis methods 

4.2 Out-of-plane shear test and simulation for thick laminates 

Iosipescu shear test (G13 shear test) is designed according to ASTM D5379 standard [23].The test 

fixture is shown in Figure 5(a). For the G13 shear test specimen, the fibres are along the longitudinal 

direction of the specimen (see Figure 5 (b)). 

 
(a)Fixture schematic for Iosipescu shear test                  (b) Dimensions for G13 shear test specimen 

Figure 5: Specimen dimensions and test fixture schematic for Iosipescu shear test (dimensions in mm). 

For each specimen with 160 plies, the thickness, 1d , is 20 mm and the entire laminate is divided 

into 20 sub-laminates through the thickness direction, each sub-laminate is modelled with C3D8R 

elements, specially, for the G13 shear test, 5 layers of cohesive elements (COH3D8) are used to model 

the failure of delamination [24]. The dimensions of the specimens are given in Figures 5(b). 

Table 1 gives the mechanical properties of the composite laminate from the material supplier data 

sheet and Table 3 gives the inter-laminar stiffness, strength and fracture toughness of the cohesive 

zone model, which are used in the modelling. The G13 shear test results are shown in Figure 6 for 

when the fibres are along the longitudinal direction. The shear test specimens were continuously 

loaded under displacement control and the full field strain fields were measured through 3D Digital 

Image Correlation (DIC). The G13 shear tests are firstly presented for specimens of out of plane height, 

h=5 mm. 
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E  
(MPa) 

G   

(MPa) 
0N   

(MPa) 

0S   

(MPa) 

0T  

 (MPa) 

ICG  

（N/mm） 

IICG  

（N/mm） 

IIICG  

（N/mm） 

9000 4500 71.4 102 102 0.75 1.5 1.5 

Table 3. Inter-laminar stiffness, strength and fracture toughness of composite laminate for Iosipescu 

shear tests. 

Figure 6 shows experimental load-displacement curve (Figure 6(a)), comparison with FEA (Figure 

6(b)) , strain fields from DIC (Figure 6 (c)) and FEA (Figure 6(d) and Figure 6(e)).  

Four specimens (Experiment 1,Experiment 2, Experiment 3, and Experiment 4) were tested to 

confirm the reproducibly of the experiments and the results are shown in Figure 6(a). Figure 6(b) 

compares the simulated load-displacement curves with the experimental data for Experiment 3. Three 

numerical approach have been used to predict the structural response of the specimen: the linear multi-

scale model, the non-linear multi-scale model(non-linear model 1) and non-linear multi-scale model 

with modified cohesive zone model (non-linear model 2). 

The load-displacement curve obtained from the non-linear multi-scale model fits better than the 

linear model, especially the modified non-linear model. For the first peak load, the error between non-

linear multi-scale model and the average experimental results is less than 1%, whilst the error of linear 

multi-scale model is larger than 5%. For the maximum load, the error of non-linear multi-scale model 

is less than 5%, whilst the error for linear multi-scale model is larger than 10 %. It is clear that, for 

G13 shear test, the non-linear effect of material on structural response is significant and cannot be 

ignored.  The improved non-linear model with modified cohesive zone model  is more consistent with 

the experimental results. 

Figures 6 (c),6 (d) and 6 (e) show the comparison of failure mode and maximum principal strain 

from DIC and non-linear FEA for the G13 shear test (h=5mm). It can be seen that the predicted onset 

of failure and the position of strain concentration are in good agreement with experimental results 

from DIC. But there is notable difference for the position and value of the maximum principal strain in 

the strain plots. The reason for this difference is that, when damage is initiated in the FEA model, the 

corresponding elements will be deleted in the FEA model so as to form the cracks, so the maximum 

principal strain becomes zero. However, for the DIC strain plots, when a crack appears and the size of 

the crack is small, the strain value around the tip of the crack is very large (this is the area in red in 

Figure 6(c)). 
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                                                  (a)                                                                       (b) 

 
                                                   (c)                                       (d)                                       (e) 

Figure 6. Comparison of experimental and simulated results for G13 shear test (h=5mm): (a) 

Experimental load versus displacement trace; (b) Comparison of experimental and simulated load-

displacement traces; (c) Failure mode and maximum principal strain from DIC; (d) Failure mode and 

maximum principal strain from non-linear model 1; (e) Failure mode and maximum principal strain 

from non-linear model 2. 

To demonstrate the versatility of the three-dimensional multi-scale modelling, experiments and 

FEA analysis for G13  (h=3 mm) were performed. The linear multi-scale model and two non-linear 

multi-scale models are used to predict the structural response of the specimen. As shown in Figure 7, 

the comparison between experimental and simulated load-displacement curves confirms that, for G13 

shear test, the non-linear multi-scale approach with modified cohesive zone model has a much higher 

accuracy than the linear model.   
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Figure7. Comparison of experimental and simulated load-displacement traces (h=5mm) 

5  CONCLUSIONS 

A non-linear multi-scale methodology based on sub-laminate homogenization and decomposition 

of sub-laminate stresses and strains has been presented for solving progressive failure problems in 

thick composite laminate. A modified cohesive zone model which considers the resistance of inter-

laminar compressive stress is used to predict the inter-laminar delamination. The model effectively 

predicts the failure mode, peak load and crack propagation path with good accuracy. The comparison 

between linear multi-scale model and two non-linear multi-scale model on predicting the structural 

response of G13 shear test shows that the non-linear effect of material on structural response is 

significant and the non-linear model is much more accurate than traditional linear model.  
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