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Abstract  

 In order to reduce the time and cost of 
mechanical design nonlinearities must be included 
when simulating the behaviour of a structure; this 
leads to nonlinear finite element simulations in the 
case of industrial structures. Moreover we have to 
take into account the random and temporal 
character of loads and other parameters. 

The objective of this paper is to propose a time 
variant reliability approach for adhesively bonded 
assemblies in marine application. The proposed 
strategy requires the combination of time variant 
reliability and non linear finite element analysis. 
This study takes into account the random and 
temporal character of material behaviour, 
environmental conditions and loads. To demonstrate 
the feasibility and the difficulties of such a 
combination, an example focusing on adhesively-
bonded assemblies is proposed. In order to limit 
numerical costs, cohesive zone elements are used to 
model the non linear behaviour of the adhesive joint. 
Results from the PHI2 method and comparison 
between two variants of this time variant reliability 
method are presented. 

 

1 Introduction  

Assembling elements of composite structures 
or metallic materials by adhesively bonding allows 
improved productivity by simplifying design 
constraints. It can also lead to significant weight 
gain. However, some design offices lack confidence 
in this approach, which limits the use of this 
technology today. For naval applications the 
manufacturing conditions are characterized by 
relatively thick adhesive joints (at least 0.5 mm), 

joining of large-sized parts, simple preparation of 
surfaces and post cure at a low temperature. 
Moreover, some parameters are not completely 
controlled, such as: geometry of the edges of the 
adhesive joint, joint thickness variations, adhesive 
lack in some zones…  

The assessment of risks stemming from these 
phenomena is an essential issue in predicting the 
service life. The adhesive behaviour can in general 
be represented by viscoplastic models with 
irreversible damage; its mechanical characteristics 
evolve with time and naval structures are subjected 
to stochastic loadings. Under these assumptions, 
time-independent reliability does not provide 
sufficiently relevant and realistic information, it is 
thus necessary to use the theory of time-dependent 
reliability to take into account the time dependence 
of the phenomena and the loadings. 

Coupling the structural reliability software 
evaluation with a non-linear finite element analysis 
requires robust mechanical models to ensure the 
durability of a structure in time.   

The use of cohesive-zone models and interface 
elements allows the mesh dependence to be limited 
for the study of the crack propagation in the 
adhesive. The first goal is to evaluate the impact of 
the random parameters on the lifetime of adhesive 
bonded joints for naval applications. Moreover this 
approach, using cohesive models, takes into account 
the effect of adhesive degradation particularly close 
to defects. Initial defects in the adhesive joint can be 
modeled by introducing initial damage. 

2 Reliability analyses 

Reliability evaluation of an ageing structure 
needs to focus attention on the temporal and random 
character of material properties, environmental 
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conditions and loadings. To the extent that naval 
structures are concerned, some design parameters 
and their evolution in time are not completely 
mastered. In the case of assembling elements of 
composite structures or metallic materials by 
adhesive bonded joints, variability in joint thickness 
or adhesive cure can not be ignored. Thus, taking it 
into account from the design of this structure can 
result in improved service life. 

A realistic prediction of the behaviour of a 
structure, particularly in maritime applications, 
requires considering non-linear structural response. 
This requires non-linear finite element analysis, 
which is nowadays widely recognized as the most 
effective method to assess the response of industrial-
type structures. Its combination with time-variant 
reliability methods is thus a way to optimize their 
maintainability. 

The classical approach for time-variant 
reliability analysis relies on the computation of out-
crossing rates (of the limit-state surface). Among the 
existing methods, the PHI2 method ([1], [2]) is 
interesting as it allows the use of time-independent 
reliability methods such as FORM (First-Order 
Reliability Method). In this paper, the reliability 
analysis is performed by the software PHIMECA® 
[3] which enables the combination with the finite 
element software CAST3M® [4]. The feasibility of 
the combination between time-variant reliability and 
non-linear finite element analysis for solicitations 
representative of marine structures was shown in [5].  

3 Time-variant reliability methods 

The main points of the reliability methods   are 
recalled in this section. 

3.1 The PHI2 method 

The set of random variables used in the 
mechanical problem is defined as ),( ωtX , t being 
the studied time and ω standing for the outcome in 
the space of outcomes Ω. Time-dependent limit-state 
function )),(,( ωtt XG is defined to perform the 
reliability analysis.  This function divides the space 
of outcomes into two areas: the safe domain 

0)),(,( >ωtt XG  and the failure 
domain .0)),(,( ≤ωtt XG  The frontier between these 
two domains is defined by 0)),(,( =ωtt XG  and 
called the limit-state surface. Performing a time-
independent reliability analysis corresponds to the 

assessment of the probability that the structure fails 
at time T: 

0)),(,( ()(, ≤= ωττ XGprobTP if
 (1) 

 We can also define the cumulative probability 
of failure cfP , , which, under the hypothesis of a 

regular process, corresponds to the assessment of the 
probability that the structure fails within [0,T]. This 
probability of failure can be written as:  
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However, when the limit-state function G 
decreases in the interval [0,T], then, for each time 

,T≤τ  cumulative and instantaneous probability of 
failure are equal: 

)(),0( ,, ττ ifcf PP =  (3) 

To perform time-variant reliability analysis, we 
can also compute the out-crossing rate of the process 
under consideration through the limit-state surface. 
This out-crossing rate can be defined by: 
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bounded by ([6], [7]):
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The PHI2 method [1], used to compute the out-
crossing rate, considers the estimation of the 
probability in Eq.(4) as a two-component parallel 
system analysis. The advantage of this method is 
that only needs time-independent reliability tools. 
Indeed, in this method, time is frozen and becomes a 
simple parameter (figure 1). 
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Fig. 1. Evolution of the reliability products  

during ∆τ. 
 
If FORM is used for the reliability analysis, 

two successive analysis gives the coordinates of the 
tangent hyper-plane to the limit-state surface at time 
t and t + ∆τ. The correlation between the two events 

{ }0)),(,( >= ωttA XG  and 

{ }0)),(,( ≤∆+∆+= ωττ ttB XG  is denoted by: 

)().(),( ττρ ∆+−=∆+ tttt ααGG
 (6) 

The first order evaluation of the probability of 
failure of the parallel system is then: 
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Φ2 being the repartition function of the 
binormal law. The out-crossing rate follows: 
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In this expression, the choice of ∆τ is 
fundamental; this choice is developed in [8]. To 
make possible this choice, Sudret [2] has recently 
improved the method by reconsidering formulation 
of Eq. (4). By introducing the following quantity: 
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Since ( ) 00 =tf , Eq. (4) can be rewritten as: 
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Introducing the notation: 

( ) ( ) ( )xxxx −Φ−=Ψ .ϕ  
(11) 

The out-crossing rate can be developed as: 
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Both expressions of the out-crossing rate are 
compared in the sequel. 

3.2 Methodology of the combination 
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Fig. 2. Implementation scheme of the combination 

 
Figure 2 shows the implementation scheme of 

the direct combination of time-variant reliability 
methods with finite element analysis. The 
mechanical model, random variables and stochastic 
processes are defined in PHIMECA®. To compute 
the mechanical model during the reliability analysis, 
PHIMECA® requires finite element computation 
(done with the finite element software CAST3M®). 
When convergence criteria of the reliability 
algorithm are reached, the unit normal vector α(t) 
and the reliability index β(t) are obtained. Then 
PHI2 method is used to compute the out-crossing 
rate ν(t). This assessment can be inaccurate due to 
convergence criteria of the reliability algorithm or 
due to insufficient quality of the finite element 
mechanical model in the iterative procedure used for 
non-linear problems. In this case, the combination 
has to be run again until obtaining an out-crossing 
rate that allows an accurate assessment of the 
cumulative probability of failure cfP , . Further work 

on parameters optimization has to be done in a 
second step. One of the crucial issues in a reliability 
study is the computational time cost which is 
directly proportional to the number of calls to the 



MEJRI M., Cognard J.-Y., Davies P. 
   

4 

limit-state function (each one representing a non-
linear finite element analysis). For our study, the 
Abdo-Rackwitz algorithm together with the Newton-
Raphson line-search method showed the best 
efficiency with respect to this consideration. To find 
the best compromise between numerical cost and 
precision of the results, the designer has to deal with 
convergence criteria, either in the reliability analysis 
or in the F.E. procedure. As far as this study is 
concerned, work was done mainly on: 

• The ratio between the limit-state function at 
iteration k+1 and the initial limit-state 
function (assessed for the reliability 
algorithm starting point): )(/)( 01 xGxG k+ ; 

• The difference between reliability indexes at 
two successive iterations k and k+1: 

kk ββ −+1 ; 

• Parameters of the line-search method during 
the reliability analysis; 

• Precision on residual forces during the 
iterations of the non-linear F.E. incremental 
procedure (Newton type algorithm). 

4 Mechanical model 

If we consider a bonded structure composed of 
two elastic bodies joined by a plane adhesive layer; 
it is natural to model the adhesive with an interface 
element placed between solid bodies. This approach 
is based on a Dugdale-Barenblatt cohesive zone. 

When the cohesive zone size is negligible 
compared with the assembly dimensions [9] we can 
model the interface with a zero thickness entity 
(figure 3) between the two substrates Ω+ and Ω-. 

Introducing a damage model allows us to 
model delamination initiation and propagation at the 
interface. Using a zero thickness surface to represent 
the cohesive zone implies that the delamination 
propagation zone will be reduced. The used 
numerical model is written in a parametric way, 
which allows us to retrieve, for a specific set of 
parameters, the Tvergaard, Allix et al. or Alfano et 
al. [10] models. 

The constitutive equation of the interface 
elements is established in terms of relative 
displacements (displacement discontinuities) and the 
interface tractions. In the following n is the normal 
direction to the interface (adhesive joint). 
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Fig.3. Interface modeling 

 

 
Fig.4. Traction model response 

 
In the chosen model (Valoroso et al. [11]), the 

damage occurs when the joint is loaded in tension or 
shear, and it will be constant if the loading is 
compressive. The state laws are obtained from the 
following thermodynamic potential:  
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 We can also write the damage driving force as: 

        

2

2
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Where ( )XXX +=+ *5.0  indicates the 

positive part of X. D, denotes the damage internal 

variable. +
nK and sK   are respectively the normal 

and tangential damaged stiffness and −nK  is the 
compressive undamaged interface stiffness.  

+= ns KKα  : quantifies each mode 

contribution. Parameter γ  denotes the mixity ratio. 
We can write the contribution of modes I and II as: 
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The damage evolution law and energy release 
rates in modes I and II are expressed, if we 

consider *
mY   the critical thermodynamic damage 

driving force in mixed mode,  as:  

0  ; 0  ; 0* =≥≤−= DDYY mmmm
&& φφ

                  { } III,i      ; 
0

∈= ∫
∞

dtDYG ii
&           (19)           

Gi represents the critical energy release rate in 
mode { } .III,i ∈ Figure 4 presents the traction 
response of this model. That choice has been made 
for the following model parameters: 

[ ]4500,3600∈nK  N/mm3,  α  = 1.6, GI = 630 J/m2  

5 Experimental approaches  

5.1 TDCB specimen 

Analyses of delamination growth apply a 
fracture mechanics approach and evaluate the energy 
releases rates in each mode; this energy, which 
describes the ability of a material containing a crack 
to resist fracture, is a property of the material. 
Different experimental devices exist to determine 
the energy release rate in mode I ([12-14]); the 

TDCB (tapered double cantilever beam) protocol 
will be retained here to characterize the adhesive on 
metallic substrates. One of the characteristics of this 
protocol is that we obtain a crack propagation at a 
constant applied load. Three methods were explored 
to analyze the TDCB experimental results: the SBT 
(simple beam method), the CBT (corrected beam 
theory) and the ECM (experimental compliance 
method) [15]. For numerical simulation we will 
retain the mean value obtained by these three 
methods. Figure 6 shows the critical energy release 
rate obtained for aluminum alloy substrate bonded 
with araldite 2015, the total specimen length is about 
310 mm and an initial crack of 50 mm is introduced. 
The adhesive bond-line thickness is 1 mm. 

 

 

Fig.5. Experimental  TDCB specimen 
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Fig.6. Critical energy release rate 

 
Experimental tests have also been performed 

with steel substrates, and similar results were found. 

5.2 Composite specimens 

In order to characterize adhesively bonded 
composite substrates with the same adhesive, the 
parallel sided DCB specimen was employed. Figure 
7 shows the specimen and figure 8 shows results for 
a 1mm joint thicknesses. These are thick bond lines 
but are representative of the thicknesses found in 
naval construction where large composite parts with 
possible dimensional variations are assembled. The 
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substrates are infusion moulded 0/90° glass 
reinforced vinyl ester composites. Mode I 
delamination energies around 600 J/m² are again 
obtained during propagation, using a compliance 
calibration data reduction scheme. 

 

 
 

Fig.7. Composite DCB specimen 
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Fig.8. Critical energy release rate, 3 bonded DCB 

specimens 

5.3 Numerical analyses 

The TDCB was modeled with the CAST3M® 
Finite Element Code, using the cohesive model 
presented in the previous paragraph.  

 

0

200

400

600

800

1000

1200

1400

0 0,5 1 1,5 2

F (N)

Opening (mm)

Gcri = 800 J/m²

Gcri =630 J/m²

Gcri = 470 J/m²

 
Fig.9. R curve sensibility to critical energy release 
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Fig.10. Normal stress evolution versus  

crack length. 
 
As a first step, we performed a parametric 

study for different values of energy release rate. 
Figure 9 represents the loading force versus crack 
opening (GI ∈ [630, 800] J/m²). We note that 
numerical and experimental results are in good 
agreement (experimental measured load was about 
900 N). Figure 10 shows normal stress evolution 
versus crack propagation for GI = 470 J/m² (A, B, C, 
and D represent different times during the test). It 
may be noted that the crack advance occurs for a 
constant value of normal stress. The numerical 
computation was done with a mesh with 300 joint 
elements. It may also be noted that the stress value is 
zero for already cracked elements, maximal for the 
crack front and becomes a compressive stress for the 
elements in front of the crack.  

6 Reliability analyses 

6.1 Presentation of the numerical example 

In order to study a representative joining 
problem of marine application, our example should 
have a low numerical cost, be able to take into 
account the crack propagation and model the 
degradation of the adhesive joint. The chosen model 
should also be able to give a correct description for 
the state of the structure during the load path. As a 
consequence, the adhesive layer is modeled with 
cohesive zone elements. In order to avoid 
interpenetration between the two parts of the cracked 
structure, contact conditions are added because they 
are not included directly in the material model. The 
example (figure 11) consists of two rectangular 
aluminum plates (Young modulus: E = 67000Mpa, 
ν= 0.34, a = 100 mm, b = 5mm) connected by an 
adhesive joint, the joint is modeled with 400 
cohesive elements. The material model for the 
adhesive has been presented before. The load is 
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prescribed on the border: Dy is vertical 
displacement. 

Fig. 11. Studied example 
 
As example figure 12 presents the evolution of 

the state of damage of the adhesive joint for different 
values of the prescribed displacement Dy. The figure 
shows the evolution of crack propagation (associated 
with D = 1) with respect to the prescribed loading. 
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Fig.12. Damage evolution in time (deterministic 

case) 
 
  Computations are made on a Pentium IV 3 

GHz with 1 Gb RAM. Preliminary works shows the 
necessity to make a compromise between mesh 
qualities, time step, number of variable and quality 
of numerical results.  Four random parameters are 
retained to perform the study; the first one is the 
length of the beam which is a geometric variable, 
normal stiffness and critical energy release rate 
represents some aspect of random on the adhesive; 
the fourth variable which is the vertical prescribed 
displacement represents the load variable. 

 
Table 1. Random variables distributions  

Variable Distribution Mean St-dev 

a (mm) Normal 100 10% 

Kn (N/mm3) Normal 6350 10% 

GI(J/mm2) Normal 0.470 10% 

Dy (mm) Normal 0.8 10% 

 

Two limit state functions will be studied at the 
sequel, the first one is based on the computation of 
the average of damage of the bonding joint and the 
second one is in relation with the evolution of the 
stiffness of the assembly which takes into account 
the crack closure. 

6.2 Limit state function based on damage average 

The first choice of the failure criterion which is 
associated, at a given instant, to the average of the 
damage values on the cohesive zone; the function of 
performance can be written as following: 

                         -DDt meanThreshold=)(G           (20)          

with 

 ∫∫=
joint  bonding joint  bonding 

   )( dxdxxDDmean  

ThresholdD = 0.24 
(21) 

DThreshold characterizes the maximum mean 
damage value admissible for the joint of adhesive. 
The value of 0.24 is chosen as example and 
characterizes a lost of the rigidity of the bonded 
assembly for about 30%. Its numerical value does 
not affect the algorithm behaviour. 

A comparative between two prescribed vertical 
displacements is made. The first displacement 
evolves linearly in time and the second one has no 
constant speed evolution. Prescribed displacements 
are presented on figure 13. The objective is to 
evaluate the influence of time description of the 
prescribed loads (in particular, the influence of a 
slow variation in time of the loading). A time step of 
3s is used in computation and interval of study is 
limited to [300s, 360s] (i.e. 120 increments or the 
non linear F.E simulation).  
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Fig.13. Time evolution of prescribed displacements 
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The average of the damage is increasing in 

time, this condition ensures the decreasing of 
function of limit state )(tG , this condition ensures 

the equality between ifP , and cfP ,    and a 

comparative study can be made, we can also define 
the relative errors ( )terr

fP   to evaluate the 

assessment accuracy as: 
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Fig. 14. Cumulative and instantaneous  probabilities 

of failure (loading time step 3s) 
 
Failure probability obtained for the two loading 

configurations are presented on figure 14, it’s 
important to note that we obtain a good accuracy 
between cfP , and  ifP ,  , and a same final failure 

probability is obtained for the two displacements 
configurations.  
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Fig.15. Error estimation on the assessment of cfP , for 

the two loadings 
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Fig.16. Crossing rate evolution 

 
If we focus attention on the error estimation we 

observe that the second load configuration presents 
some little fluctuations, this phenomena is due to the 
low increase of loading which can increases some 
error at each time step of the non linear F.E 
calculation (figure 15). Time step was divided by 
three in order to reduce this problem (figure 17), 
results are presented for the interval [300s, 340s]  
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Fig.17. Reliability analysis: comparative 
between cfP ,  loading time step 1s, load 

configuration 2 
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Fig.18. Reliability analysis: comparative between 

relative errors 
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It seems that if the precision of finite element 
computation remain the same, the fluctuations are 
still there. In order to increase the precision of the 
results we have to increase numerical finite elements 
and reliability computation precision. It’s also 
important to note that the use of the second variant 
of the PHI2 method to compute the cumulative 
probability of failure cfP , gives better results. The 

old PHI2 method clearly over-evaluates the 
cumulative probability of failure.  

It’s important to note that computation times 
are about four hours for each ifP , computation. It’s 

clear that such problem has a quite low numerical 
cost. It is important to note that the objective of this 
study is to analyze the precision of such reliability 
analysis. 

6.3 Limit state function based on the estimation 
of the stiffness of bonded structure  

The first limit state function which is based on 
the damage computation is one way to take into 
account the evolution of the stiffness of a bonded 
structure in time, however if we solve a problem 
with crack closure, this criterion don’t takes into 
account this phenomena; in fact damage is always 
increasing (or constant), however if crack is closed 
the stiffness of the assembly is modified. A second 
limit state function taking into account the difference 
between closure and opening of cracks is proposed. 
This limit state function based on stiffness evolution 
can be written such as:  

                  eq Threshold R- Rt       )( =G         (23) 

∫∫=
joint   bonding  joint   bonding  

)()( dxdxxDxReq δ  

                           2.0=ThresholdR                 (24) 

Where )(xδ is defined such as: 

If 1)(  :0][ => xU n δ  else  0)(  =xδ         (25) 

In other words, damage will be considered only 
if the crack is open, other wise, if we are working on 
crack closure damage will not be considered. The 
propound  example shows the interest of such 
criterion especially for a case of loading which gives 
a limit state function which is not decreasing in 
times. The same structure with the same set of 
random parameters is considered. The prescribed 
vertical displacement and the associated limit state 
evolution are presented in the following figure.  
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Fig.19. Second limit state representative 
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Fig.20. PHI2 method: comparison between 

relative errors 
 
 Cumulative probability of failure and 

instantaneous one differs. In this case, evaluating 

ifP ,  is not sufficient; PHI2 method is used to 

evaluate the failure probability. We have to note that 
the crossing rate is constant when the reliability 
index β(t) = β(t+dt), then it is equal to zero for β(t) 
< β(t+dt). Numerical tests are underway to complete 
this study. Moreover variants of the propounded 
state function can be proposed in order to take into 
account the effects of modes I and II. 

  7 Conclusions 

This paper presents an example of combination 
between time-variant reliability methods and non-
linear finite element analysis; time-variant reliability 
analysis was realized by the PHI2 method and the 
two existing formulations are compared. It presents 
also a comparative between two state limit 
functions; the influence of a slow variation in time 
of the loading on the cfP , results has been studied. 

The second example, associated with a limit state 



MEJRI M., Cognard J.-Y., Davies P. 
   

10 

function based on the estimation of the stiffness of 
the assembly shows the interest of the time variant 
reliability when solving problems dealing with crack 
opening and  crack closure. 

The proposed approach allows modeling the 
degradation of a bonded joint by taking into account 
the initial defects. The compatibility of this approach 
with stochastic phenomena makes it attractive to 
solve engineering problems. Some aspect like the 
difficulties to obtain good accuracy in the results, 
especially when stochastic processes are involved, 
shows that we have to find compromise between 
calculation cost and results precision. Further works 
are underway, in order to reduce the numerical cost 
of such simulation involving strong non linearities 
linked with damage evolution and cracks for 
industrial application of bonding (T-Bonded 
structure).   
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