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Abstract  

Impact analysis of 3D braided composites and 
laminated plane woven fabric composites was 
performed using the elasto-plastic constitutive law 
to describe the nonlinear, anisotropic and 
asymmetric properties of fiber-reinforced 
composites. As for the yield criterion, the modified 
Drucker-Prager yield criterion was utilized to 
represent the anisotropic and asymmetric properties, 
while the anisotropic hardening was described 
based on the kinematic hardening with the 
anisotropic evolution of the back-stress. 
Experiments to obtain the material parameters of the 
proposed constitutive law were also carried out 
based on uni-axial tension and compression tests for 
fiber-reinforced composites. Then, the proposed 
constitutive law was implemented into a finite 
element code and was verified by comparing the 
finite element simulation of the impact tests with 
experiments. In addition, impact performance of the 
braided composites and laminated composites was 
also compared with each other. 
 
 
1 Introduction  

Laminated composites have been used in 
aircraft, high performance automobiles, sporting 
goods industries and civil infrastructure because of 
their good in-plane properties and ease of handling. 
However, the use of the laminated composites in 
many engineering fields has been restricted by their 
poor impact resistance and low through-thickness. 
To overcome the drawbacks of the laminated 
composites, three-dimensional braided composites 
have been recently developed [1-4]. 3D braided 
composites have the ability of producing complex 
near-net-shape performs and this can reduce the 
manufacturing cost. The 3D braided composites also 
have higher delamination resistance and damage 

tolerance for impact because of the through-
thickness reinforcement. 

Fiber-reinforced composites show the 
nonlinear behavior in stress-strain curves because of 
the evolution of defects such as matrix cracking, 
delamination and fiber breakage. To describe the 
nonlinear behavior of composite materials, the 
plasticity theory was used in this work. Because of 
the micro-structural changes during the deformation, 
the damage theory has been widely used to describe 
the nonlinear behavior of fiber-reinforced 
composites [19, 20]. However, the plasticity theory 
has also become popular for its simplicity [21-23]. 
In plasticity, the nonlinear behavior can be described 
only based on macroscopic uni-axial 
tension/compression test results without microscopic 
information.  

In this paper, the impact performance has been 
evaluated based on the elasto-plastic constitutive law 
to describe the nonlinear behavior of laminated 
composites and 3D braided composites. In addition, 
fiber-reinforced composites show strong directional 
difference (anisotropy) and also the different 
constitutive behavior between tension and 
compression (asymmetry) [7, 8]. Anisotropy and 
asymmetry of yield criterion have been achieved by 
combining linear and quadratic terms of stress 
components [9, 10] or linear transformation of the 
stress deviator [11, 12]. 

The experimental procedure to obtain the 
material parameters of the proposed elasto-plastic 
constitutive law is also presented for laminated 
composites and 3D braided composites, utilizing the 
measured tensile and compressive stress-strain 
curves along various material directions.  

In this paper, a plane-stress constitutive law 
was utilized to describe the nonlinearity and 
anisotropic/asymmetric properties. For the 
anisotropy of the fiber-reinforced composites, the 
initial anisotropic yielding as well as the anisotropic 
hardening has been considered in this work. As for 
the initial anisotropic yielding (and also for 
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asymmetry), the modified Drucker-Prager yield 
criterion has been used [10]. To account for the 
anisotropic hardening, the anisotropic back stress 
evolution rules based on the kinematic hardening 
law have been utilized [13]. The constitutive law has 
been incorporated into the commercial dynamic 
finite element code ABAQUS/Explicit using the 
user subroutine VUMAT [14] and impact tests have 
been performed to verify the simulation results. The 
impact properties of the braided composites are 
compared with plain woven laminated composites.  

 
 

2 Theory  

2.1 Asymmetric Orthotropic Elasticity  

Different Young’s moduli and Poisson’s ratios 
were used for tension and compression. 

T or C
e e=σ C ε  (1) 

where the subscripts ‘T’ and ‘C’ mean the 
material properties for the tension and compression 
behavior respectively.  
 

2.2 Modified Drucker-Prager Yield Criterion 

The modified Drucker-Prager yield criterion 
was developed to describe the anisotropy and 
asymmetry of composite materials in the plastic 
deformation 
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while, = −σ σ α , where, α  is the back stress, 

isoσ is the size of the yield surface, p , q , 22β , 33β  
and κ are material constants characterizing the 
anisotropic and asymmetric behavior. The modified 
Drucker-Prager yield criterion can describe different 
values of tensile yield stresses in two directions 
(anisotropy) and different values of tensile and 
compressive yield stresses (asymmetry). Also, the 
shear yield stress can be given independently. The 
five material parameters therefore can be determined 
from two tensile yield stresses, two compressive 
yield stresses,   in the axial and transverse directions 
and the shear yield stress  or the tensile yield stress 
along the 45 degree direction. 
2.3 Hardening Rules 

In the isotropic-kinematic hardening law, the 
effective quantities are defined considering the 
following modified plastic work equivalence 
principle; i.e., 

( ) p
iso isodw d dσ ε= − ⋅ =σ α ε  (3) 

where pdε  is the plastic strain increment and 
dε  is the conjugate effective plastic strain 
increment. Here, isoσ  is obtained from the effective 
stress of the initial state (or the isotropic hardening 
case, which is relevant to the relationship, 

pd dσ ε = ⋅σ ε ) by replacing σ  with −σ α . Note 
that the effective plastic strain increment surface is 
stationary even for the isotropic-kinematic hardening 
case. 

For the back stress increment, the Chaboche 
type back stress evolution rule [15] was used and in 
order to account for the directional difference of the 
back stress evolution for the highly anisotropic 
materials such as fiber-reinforced composites, the 
anisotropic back stress evolution rule [13] was 
proposed as following, 

1 2
( )

iso

d d dε ε
σ
−

= ⋅ − ⋅
σ αα Γ Γ α  (4) 

where 1Γ  and 2Γ  are the fourth order tensors 
representing the anisotropic hardening behavior. For 
the plane stress condition, the evolution rule can be 
written in the matrix form 
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where ( ) / isoσ= −n σ α  is the normal direction 
on the yield surface, ijg  and ijh  are the components 

of 1Γ  and 2Γ  respectively. 
For the uni-axial tension test in the x direction, 

the following differential equation is obtained from 
Equation (5): 

11 11d ( )dx x xg n hα α ε= −  (6) 

From the associate flow rule, the in-plane 
components of the plastic strain increment are given 
as 

 d =dp εε m  (7) 

where /σ= ∂ ∂m σ   
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Equation (6) gives the following stress-strain 
relation, with Equation (7):  

11

11

11

(1 )
x

x

h
mx

x x iso
g nn e
h

ε

σ σ
−

= + −  
(8) 

where xm  is the x component of m . Then, 

11g  and 11h  were obtained from the curve fitting of 
the uni-axial tensile stress-strain curve in the x 
direction. The other two components for each matrix 
in Equation (8) are determined from the parallelism 
of α  and σ . In this case, 21 21 31 31 0g h g h= = = = . 
For cases of simple tension in the y direction and 
pure shear tests, the similar formulations are 
possible [11]. Note that the pure kinematic 
hardening is considered here; i.e., isoσ  remains 
constant during the plastic deformation. Also, the 
associate flow rule was used for the in-plane 
components of the plastic strain increment while the 
non-trivial out-of-plane component of plastic strain 
increment is given from the incompressibility; i.e., 

  

d d dp p p
z x yε ε ε= − −  (9) 

  
2.4 Numerical implementation 

The developed elastic-plastic constitutive law 
was implemented into the general purpose finite 
element program ABAQUS/Explicit using the 
material user subroutine VUMAT [14]. To update 
the stress increment which involves solving a non-
linear equation, the Newton-Raphson method based 
on the incremental deformation theory was utilized 
[16]. 

Based on the constitutive law developed here, 
the stress update scheme is outlined using the 
predictor-corrector method based on the Newton-
Raphson method. The updated stress is initially 
assumed to be elastic for a given discrete strain 
increment Δε . Therefore, 

1
T
n n+ = + ⋅Δσ σ C ε  (10) 

where the superscript ‘T’ stands for a trial state 
and the subscript denotes the process time step. Also, 
the trial plastic quantities are preserved as the 
previous values, 

1
T
n nε ε+ =  and 1

T
n n+ =α α  (11) 

If the following yield condition is satisfied 
with the trial values for a prescribed elastic tolerance 

eTol  for each active surface, 

1 1( )T T e
n n iso Tolσ σ+ +Φ = − − <σ α  (12) 

the process at the step n+1 is considered elastic. 
If the above condition on yielding is violated 
( > eTolΦ ), the step is considered elasto-plastic and 
the trial elastic stress state is taken as an initial value 
for the solution of the plastic corrector problem until 
the yield condition is satisfied during the iteration.  

 
3 Material Characterization 

 
(a) braided 

45º
x

y
12

(b) laminated 
  

Fig. 1. Preforms of (a) 3D braided composites and 
(b) Laminated plane woven composites 

3.1 Material Preparation 
The preform of the 3D braided fiber reinforced 

composites was fabricated using the 3D circular 
braiding machine with 2014 carriers and 104 pistons 
and by 4 step cycle movements[13,14] as shown in 
Figure 1 (a). The preform of the laminated plane 
woven fabric composites which best fit the volume 
fraction and thickness of the braided composites, 
was made by laminating seven layers of the plane 
glass-fiber woven fabrics with the same directional 
alignment as shown in Figure 1 (b). For the 
composite preform fabricated, RTM (Resin Transfer 
Molding) process was performed using the epoxy 
resin as matrix. After 10 hours’  injection of the 
epoxy resin into the RTM cast and curing in the 
oven at 130℃ for 120 minutes, the 3D braided fiber 
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reinforced composites and the laminated plane 
woven fabric composites were prepared.  
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Fig. 2. Tension test results of braided composites 
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Fig. 3. Compression test results of braided 

composites 
3.2 Elastic Properties 

The tensile and compressive tests of braided 
composites and laminated composites were carried 
out by the standard procedures, ASTM D3039-76 
and ASTM D3410-87 using the 10-ton tensile and 
compression test machine Instron 8516 system. The 
measured true stress-strain curves of tension and 
compression tests are shown in Figures 2-4 for 
braided and laminated composites, respectively. 

The pure shear tests of composite materials 
were carried out by the standard procedures, ASTM 
D5379-93 using the Iosipescu shear test fixture. In 
this test, the specimen is inserted into the fixture 
with the V shaped notch located along the center line 
and fixed with thumb-screws. The shear modulus 
could be also determined from the 45 degree tension 
test. 
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Fig. 4. Tension and compression test results of 

laminated composites 
 

Table 1. The elastic constants of braided composites 
and laminated composites 

 
 Braided Laminated Explanation 

T
xE  (GPa) 46.81 24.55 tensile modulus in x-dir 

T
yE  (GPa) 19.74 24.55 tensile modulus in y-dir 

C
xE  (GPa) 37.74 22.61 

compressive modulus in x-
dir 

C
yE  (GPa) 13.10 22.61 

compressive modulus in y-
dir 

11.10 5.30 shear modulus (experiment) 
G  (GPa) 

13.85 2.02 shear modulus (calculation) 

xν  0.18a 0.17b Poisson’s ratio 
 

 
 

 Table 2. Measured yield stresses of braided 
composites and laminated composites 

 
 Braided Laminated Explanation 

T
xσ  (GPa) 71.8 140.8 Tensile yield stress in x-dir 

T
yσ  (GPa) 16.6 140.8 Tensile yield stress in y-dir 

C
xσ  (GPa) 130.2 80.8 Compressive yield stress in x-dir 

C
yσ  (GPa) 21.4 80.8 Compressive yield stress in y-dir 

1
Yσ  (GPa) 30.8 19.9 Tensile yield stress in 45°-dir 

Y
xyσ  (GPa) 20.3 9.8 Shear yield stress 

 

 
3.3 Material Parameters for Yield Criterion 
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In order to account for the anisotropic and 
asymmetric properties of composite materials using 
the modified Drucker-Prager yield criterion, the five 
material parameters were determined from two 
tensile yield stresses T

xσ , T
yσ , two compressive 

yield stresses C
xσ , C

yσ  in the x and y direction. 
These yield stresses were determined as the values 
which deviate from the linearity in the measured 
stress-strain curves, as marked in Figures 2-4 and 
listed in Table 2.  

 
3.4 Material Parameters Hardening Laws 

In order to represent the anisotropic hardening 
behavior using the anisotropic kinematic hardening 
law, the three stress-strain curves were considered 
after the initiation of plastic deformation: the x, y 
direction tension and the pure shear test curves 
(Tables 3 and 4). Using the material parameters 
obtained from the measured test data, true stress-true 
strain curves were re-calculated using the proposed 
constitutive equation as shown in Figures 5-7, which 
confirm good agreement with the measured data. 
Note that the parameters in Equation 8 were 
obtained from the tensile hardening curves.  

 
Table 3: The parameters for the kinematic hardening 

braided composites and laminated composites 
Braided Laminated  

shear 45 tension shear 45 tension 

11g  (MPa) 110,437.6 141,787 

22g  (MPa) 784.05 141,787 

13g  (MPa) 0 -31,785.8 0 225,088 

23g  (MPa) 0 77,867.75 0 225,088 

33g  (MPa) 36800.04 78,651.8 70900.0 366,875 

11h  1066.0 903.1 

22h  15.75 903.1 

13h  0 -699.7 0 814.5 

23h  0 350.55 0 814.5 

33h  179.9 366.3 403.5 1,718.6 

  
Table 4: The parameters for the isotropic hardening 

braided composites and laminated composites 
 Braided Laminated 

0σ  (MPa) 71.8 140.8 

a  (MPa) 103.6 157.0 

b  1066 903.1 
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Fig. 5. Tension hardening curves of braided 

composites 
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Fig. 6. Compression and shear hardening curves of 

braided composites 
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Fig. 7. Hardening curves of laminated composites  
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4 Impact Tests and simulations 
Impact tests were performed using the impact 

testing system ITR-2000. The tool dimensions are 
150mm(length)×150mm(width) for the rectangular 
die where the pneumatic clamp pressure of 500kPa 
is applied to hold the specimen firmly, 
130mm(length)×130mm(width) for the specimen, 
6.25mm for the impactor radius, 35mm for the hole 
radius of specimen holder and 3mm for the thickness 
of specimen. In the test, the specimen is initially 
clamped between the die and the specimen holder 
and then impact test is conducted using a rigid body 
impactor. The impact tests were carried out for two 
impact velocities, 2.4m/s and 3.1m/s, which 
correspond to the impact energy of 19J and 31J, 
respectively.  

The load-deflection curves obtained from 
impact tests of braided and laminated composites are 
compared in Figure 8. Note that the impact 
instrument used for this work does not provide 
reasonable results after peaks so that only the data 
before peaks are considered. The figure shows that 
the peak load values of the braided composites are 
lower and the deflections of the impactor tip at the 
peaks are larger than those of laminated composites. 
In addition, Figure 9 shows that it takes longer for 
braided composites to reach the peaks. Taking these 
things into consideration, it can be concluded that 
braided composites deform larger with lower impact 
loads in longer period of time. The areas below the 
curves are similar with that the energy absorbed 
until the maximum peaks. This behavior is clearly 
seen in Figure 10 which shows the peak loads 
depending on the deflection and time, where 8 
representative peak values for each test condition are 
projected to the time-deflection plane. 
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Figure 8. Typical load-displacement curves for 

impact tests 
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Figure 9. Typical load-time curves  
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Figure 10. Peak load values of impact tests 

depending on deflection and time 
 

 
Figure 11. Images of impacted specimens for 
braided of impact energy (a) 19J, (b) 31J and 
laminated of impact energy (c) 19J, (d) 31J 
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The projected images taken with an equally 
distributed backlight are shown in Figure 11 where 
the images have the same specimen size and 
resolution and damaged parts are marked dark. The 
anisotropic properties of braided composites are 
reflected well in the figures. Damaged areas of 
braided composites are larger and the damage 
propagation profiles show stronger anisotropy than 
laminated composites. On the other hand, the areas 
for laminated composites are smaller and relatively 
more confined to the regions around the impacted 
points showing less anisotropy and negligible x-y 
directional dependence. Note that the directional 
dependence is described in x and y directions, not in 
the direction of the yarn path that the localized 
propagation along the yarn is not considered in the 
model. 

The dominant propagation in the axial x-
direction of braided composites can be explained as 
follows. The bending rigidity in the transverse 
direction is lower than the rigidity in the axial 
direction because the orientation angle of the yarns 
in braided structure is closer to the axial direction 
where the braiding angle for the specimen in this 
research was about 30 ° to the axial direction. 
Results of three point bending tests for braided 
composites are shown in Figure 12 [2]. The bending 
deformation is more likely to happen in the less 
resistant direction resulting large deflection finally 
causing dominant propagation in that direction. For 
the case of plain woven, the rigidities in both 
directions are even that the damage does not 
propagate in any dominant direction but rather are 
bounded in the surroundings of the impacted point. 
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Figure 12. Load–displacement curves of three 

point bending tests [2] 

 

In Figures 13 and 14, the results using 
asymmetric orthotropic elastic constitutive law 
(Case I) are compared with the experimental results. 
The comparison confirms that Case I significantly 
overestimates the stiffness, since Case I cannot 
account for the softness in the non-linear region of 
the hardening behavior.  
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Figure 13. Time-force curves for impact tests and 

simulations using different yield criteria with 
isotropic hardening, braided, impact energy 19J 

 

time(ms)

0 1 2 3 4 5

Fo
rc

e(
N

)

0

2000

4000

6000

8000

10000

12000

experiment 
case I
case II
case III
case IV

 
Figure 14. Time-force curves for impact tests and 
simulations using different yield criteria with the 
isotropic hardening, laminated, impact energy 19J 

 
Figures 13 and 14 also show the comparisons 

of the results using the elasto-plastic constitutive law 
with three different yield criteria under the isotropic 
hardening condition: Mises yield criterion (Case II), 
original Drucker-Prager yield criterion (Case III) 
and modified Drucker-Prager yield criterion 
developed in this research (Case IV). The following 
Voce type hardening law was utilized: 
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0 (1 exp( ))iso a bσ σ ε= + − −  (2) 

where 0σ  is the initial yield stress in the 
reference direction and a and b are material 
parameters, which were obtained from the tensile 
behavior in the axial direction as shown in Table 4. 
Note that the results of Case II and Case III 
overestimated the stiffness since the Mises yield 
criterion does not consider both the anisotropy and 
asymmetry and the original Drucker-Prager yield 
criterion only accounts for the asymmetry. The 
result of Case IV is the best among all so far, since 
the anisotropy in the initial yielding and asymmetry 
are included. However, the result of Case IV still 
overestimated. This is because prediction of the non-
linear range in the transverse and shear directions is 
not good enough even for Case IV since the 
anisotropic hardening is not accounted for. The 
stress-strain behavior in x direction as shown in 
Figures 5-7 shows much higher hardening behavior. 
Therefore, the behavior in the transverse and shear 
directions was considered as higher hardening rate 
for Case IV. 

The modified Drucker-Prager yield criterion 
was used for the following comparisons. The results 
are compared for the proposed kinematic hardening 
(Case V) and the isotropic hardening (Case IV) in 
Figures 15 and 16. Note that as mentioned earlier, 
the 45 degree tensile test can be replaced with the 
pure shear test to account for the shear properties 
[17]. Therefore, the results using the 45 degree 
tensile test (Case VI) are also considered in this 
comparison. Figures 15 and 16 show that the results 
of Case VI are virtually the same as the results of 
Case V since the anisotropic hardening is properly 
accounted. The results also show that Cases V and 
VI show good agreements with the experiments 
since Cases V and VI properly consider the 
hardening differences as well as asymmetry, while 
Case IV does not account for the transverse and 
shear hardening. The data of impact energy 31J are 
also considered and showed similar characteristics to 
the data of 19J. 

 
4 Conclusions 

Impact analysis of 3D braided composites and 
laminated plane woven fabric composites was 
performed using the elasto-plastic constitutive law to 
describe the anisotropic and asymmetric properties. 
Modified Drucker-Prager yield criterion was utilized 
to represent the anisotropic and asymmetric 

properties, while the anisotropic hardening was 
described based on the kinematic hardening with the 
anisotropic evolution of the back-stress. The model 
showed good agreements with the experimental data 
while the other models not considering asymmetry 
or anisotropic hardening overestimated the stiffness. 
The impact properties of the braided and laminated 
composites were compared that braided composites 
absorb impact energy with lower load, through 
longer period of time with larger deformation as 
propagating the stress for the larger area than the 
laminated composites. The constitutive model 
developed in this research has found to be valid that 
the further studies on nonlinear mechanical analysis 
are ongoing based on the model.  
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Figure 15. Time-force curves for impact tests and 

simulations using the isotropic hardening and 
anisotropic kinematic hardening laws, braided, 

impact energy 19J 
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Figure 16. Time-force curves for impact tests and 

simulations using the isotropic hardening and 
anisotropic kinematic hardening laws, laminated, 

impact energy 19J 
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