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Abstract

An efficient beam element for the analysis of
thin-walled laminated composite beams  of
open/closed sections is proposed. The cross-
sectional stiffness of the beam is derived analytically
where all possible couplings between torsion,
bending and axial deformations are considered. In
the finite element approximation of the beam, the
torsional deformation requires a C* formulation due
to incorporation of warping deformation while the
bending deformation require a C° formulation due to
the incorporation of shear deformation. The
difficulty of implementation of both these
formulations in the present coupled problem is
successfully overcome by adopting an efficient
approach for the finite element approximation of the
bending deformations. The element is used for the
numerical examples of open section | beam and
closed section box beam problems having different
boundary and loading conditions. The obtained
results are compared with analytical/numerical and
experimental results available in literature to
demonstrate the performance of the proposed
element.

1 Introduction

The modelling of thin-walled laminated
composite beams and beam like slender structures,
as an one dimensional condensed beam element, has
drawn the attention of researchers for quite
sometime, and a number of investigations have been
carried out to study the different aspects of this. A
few representative studies relevant to the present
context are given in [1-8]. One of the initial
applications of composite beam theory was found in
the analysis of helicopter rotor blades. It has
subsequently been applied to the analysis of
pultruded composite profiles and other applications,

including the analysis of long wind turbine blades
made of composite materials.

The investigations carried out so far can be
broadly divided into two groups, based on the
approach followed to evaluate the constitutive
matrix of the beam element, defined as the beam
cross-section stiffness coefficients. The first and
most common approach is based on an analytical
technique, while the other approach requires a two-
dimensional finite element analysis to obtain the
cross-section stiffness matrix. Hodges and his co-
workers [3] pioneered the second approach, which is
defined as the so-called variational asymptotic beam
section analysis (VABS). It is based on a method
known as the variational asymptotic method (VAM)
[9], where the three dimensional elasticity problem
is systematically divided into a two dimensional
cross-sectional problem, and a one dimensional
beam problem. VABS has the advantage that beams
having solid or thick-walled cross sections can be
analyzed, where the three dimensional stresses can
be extracted in the post processing stage. Opposed to
this, the fully analytical approach may be preferred
specifically for the analysis of beams with thin
walled cross sections in order to avoid the additional
two-dimensional finite element analysis required in
VABS.

In the present study, a fully analytical (closed-
form) approach is adopted for the derivation of the
cross-sectional stiffness matrix considering different
effects and their coupling to yield a very general
formulation, which includes a torsional warping
moment apart from the usual de St. Venant torsion
contribution, axial force, bi-axial bending moments
and transverse shear forces, thus yielding a 7x7
cross-sectional stiffness matrix. All the elements of
this matrix are explicitly derived for open I section
and closed box section profiles. For the constitutive
equation of any beam wall, defined Ilocally,
provision is kept to enable the specification of either



plane stress conditions (zero normal stress along the
wall profile) or plane strain conditions (zero normal
strain along the wall profile).

In the one dimensional finite element
approximation, the torsional deformation requires C'
continuity of the twisting rotation due to
incorporation of the out of plane warping
deformation. This requirement is satisfied with the
use of a Hermetian interpolation function
considering the twisting rotation and its derivative
with respect to the length coordinate as the nodal
unknowns. The association of the derivative of the
twisting rotation helps to impose warping restraints
or warping free conditions by constraining or
releasing this nodal unknown. At the same time the
bending deformation requires C° continuity of the
transverse displacements due to the incorporation of
the transverse shear deformation of the beam walls.
A reduced integration technique is required for the
evaluation of the stiffness matrix in order to avoid
shear locking. As the bending deformation is not
uncoupled from the other modes of deformation,
including torsion, it is difficult to implement C° with
a C' formulation having different integration
schemes. Lee [7] tried to solve the problem by an
amended representation of the torsional deformation,
so as to model it with a C° formulation like bending
deformation, but this involved a non-physical
parameter in the formulation. Moreover, the C°
formulation with reduced integration technique is
susceptible to  display inherent numerical
disturbances like the occurrence of spurious modes.

Keeping these aspects in view, the finite
element implementation of the bending deformation
is carried out with a different approach based on the
concept of the first author [10]. It does not require a
reduced integration technique, which effectively
eliminates the problem mention above. Based on this
methodology a three node beam element, as shown
in Fig. 1, has been developed, where the nodes at the
two ends contain seven degrees of freedom (three
translations, three rotations and the derivative of the
twisting rotation), while the internal node contains
five degrees of freedom (three translations and two
bending rotations).
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Fig. 1. Three node beam element
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A computer code has been written in
FORTRAN for the implementation of the element,
which has been used to solve numerical examples of
composite beams having open I and closed box
sections. The results obtained in the form of
deflections, angles of twist, and bending slopes are
compared with analytical, experimental and/or other
finite element analysis results available in literature.
The results show a very good performance of the
proposed element in terms of convergence and
solution accuracy. The developed element is also
utilized to derive some new results, which are
presented for future references.

2 Formulation

A portion of the beam shell wall, with its local
coordinate  system X-S-n  and  displacement
components, along with the global coordinate
system X-y-z and displacement components, of the
beam is shown in Fig. 2. In Fig. 2, O is the centroid,
and P is the shear centre/pole of the beam section.
The displacement components at mid-plane of the
shell wall in the local coordinate system (X-S-n) may
be expressed in terms of the global displacement
components of the beam [1] as

T=U+y0, +120,+00, (1)

V=Vcosa+Wsina—ro, )

W =-Vsina+W cosa +q0, 3)
where @ is the warping function, 6, = —V'+¥,

(V' is the derivative of V with respect to X
and P, is the rotation of beam section about z

for the transverse shear deformation) is the
bending rotation of the beam section with
respect to z, and 6, =-W'+ ¥, is the bending
rotation of the beam section with respect to Y.
The corresponding displacement components at
a point away from the shell mid-plane may be
expressed as

4)
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W=w (6)

where v, and y are the shear rotations of the

shell sections about s and X, respectively, for
transverse shear deformation. It is assumed that v,

= 0 while y,, may be expressed in terms of the
corresponding global beam parameter as

W =—Y,sina+¥, cosa (7)
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Fig. 2. Cross-section of a portion of shell wall of the
thin-walled beam with coordinated systems
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With the above equations, the displacement
components at any point within the shell wall may

be expressed in terms of the global beam
displacement components as
u=U +(y-nsina) 0,
®

+(z+ncosa) 8, +(p—-nq)b.
v=Vcosa+Wsina —(r+n)é, ©)

w=-Vsina+W cosa +q6, (10)

The strain components at the corresponding
point in the local axis system (X-S-n) may be
expressed as

ou
&y -
OoX
Py o
. 0s
{E)=18sp=q0u_ov (11)
0s OX
gxn
Wxn
gsn
Wsn

Assuming the normal strain component &, to

be zero (plane strain condition), or the normal stress
component o, to be zero (plane stress condition),

the reduced strain vector may be expressed in terms
of the global displacement parameters with the help
of the above equations (7-10) as
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U'+(y—nsina)@, +(z+ncosa)é,

+@-nq)o;

=¥, cosa+Y, sina—(ZnH’—Z(p)e; 12)
S

-¥, sina+¥, cosa

The above equation can further be rearranged
in matrix form as

U’
0,
0,
lef=[H] o (=Rl a3
o,
V'+0,
W'+6,
where
Fo 0 0 |
y —nsina 0 0
Z+Nncosa 0 0
[H] =] ¢-ng 0 0
0 -(n+r-p,) o
0 cosa sin o
0 ~sine  cosa|

The stress strain relationship considering the
transverse shear deformation of the laminated shell
wall [11] in the local coordinate system (x-s-n) may
be expressed as
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o] [Qi Q. Q¢ 0
oo [Qu Qu Q 0
0et=|Qy Qn Qp 0 0 [{&er (14)
o, 0 0 0 Q, Q,ll&m
Qis Qui]l&a

(=)
3
x

S
)

o, 0 0 0

Assuming £,= 0 or o,= 0 along with v =

0, the above equation reduces to

Oy Q. Qs 0 [[&
Os=|Qs Qe 0 [{&6 (15)

Oxn 0 0 655

™

Where Q]] = 611 s Q16 = (316 b Q66 = (566 and
(355 = 655 for plane strain ( & = 0); and
Q :611 _612612/622 s Qs =616 _612626/ 622’
Qg = Qs —Q1Q16/Q,, and Qs = Qg5 for plane
stress (o, = 0).

Using equations (13) and (15) the strain energy
of the system can be written as

g :% [{ef {a}dV% [l [Dligtdx  (16)

where

[D]=[[[HT [@]H]dsan
(0Tl ke - ks

All the elements of the cross-sectional stiffness
matrix [D] are explicitly derived for open I section
and closed box section profiles. For this purpose the
warping function ¢ used in the above equations are

taken as

p=[rds—2A5,/5 (17)



where 0, :Ig—s, 0= §Qg—s and A, is the cross-
66

66
sectional area enclosed by the mid-plane contour
(closed section). For an open section profile, the
warping function may be simply obtained by
dropping the second term associated with secondary

warping, thus giving ¢ = J- rds.

For the one dimensional finite element
implementation, a quadratic approximation has been
adopted for the axial deformation, which follows a
Lagrangian type formulation. The torsional
deformation is based on a Hermetian formulation as
mentioned earlier, where a cubic approximation has
been adopted. The approximation of the bending
deformation coupled with transverse shear
deformation is based on the concept proposed by
Sheikh [10]. Based on this the field variables are
approximated as follows

U=a, +a,x+a,x’ (18)
V=a,+ax+ax’ +a,x’ (19)
W =a, +a,X+a,,X* +a,,x’ (20)

¥, =a, +a;X (21)
¥, =a, +a,X (22)
0, =a, +a,X+a,X +a,Xx (23)

It should be noted that ‘¥, and ¥, are taken
which

are usually used in a typical C° formulation. It
should be noted also that &, and @, appear as

as the field variables instead of 9y and @
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nodal unknowns instead of ¥, and ¥,. Now, with

the help of equations (19-22), the bending rotations
6, and €, may be expressed as

2
0 =a, +a,Xx—a; —2a,x—3a,x (24

0,=a,+a,x—a,—-2a,x-3a,x> (25

ND CLOSED SECTIONS

The unknowns (a,,a,,a,, --* @,,) in the above

equations (18-23) are expressed in terms of the
nodal displacement vector {5 } after substitution of

U (eq. (18)), V (eq. (19)), W (eq. (20)), 6, (eq.
(24)) and 6, (eq. (25)) at all three nodes of the
beam element (see Fig. 1); and 6, (eq. (23)) and

its derivative ¢, at the two external nodes as

Gl-[Rla} or fa)=[R] "6} @0

where {a}=[a, a, a, a, a,l .
{5} = lU] Vi W, 6, Hyl 0, ‘9;1 U, v, W,
9y2 0, Us V; W, 6, 0y3 0, O ]T , and

the matrix [R] of order of 19x19 contains the
element nodal coordinates.

The generalized strain vector {E } in equation
(13) may be expressed in terms of {a} using
equations (18-23) as

u’ u’
g, -V'+¥)
o, -W"+ V¥,
G- @ (=1 @ (-Bla g,
o, o,
V'+0, ¥,
W'+6, v,

where the matrix [S] of order of 7x19 is a function of
X. The strain vector {E } can be finally expressed in

terms of the nodal displacement vector {5 } using
equation (26) as

{#}=[s]rI"{s}=[8]is} (28)

With the above equation, the strain energy (eq.
(16)) of the system may be expressed as



U -2 {o} [[e] [DlBlexia} = oV [K]io}  29)

2

where [K] is the element stiffness matrix. Using
equations (20) and (26), the element load vector due
to a distributed transverse load of intensity  acting
in the direction of z may be expressed as

{P}= [R]qu [Sq]T dx (30)

where the row matrix lSqJ of 19 is function of X.

The integrations involved in the evaluation of the
element stiffness matrix [K] and the load vector {P}
are carried out numerically following the Gauss
quadrature technique.

3 Numerical Examples

In this section numerical examples of I and box
beams are analysed using the proposed element, and
the results obtained are compared with analytical,
experimental and/or numerical results available in
literature for most of the cases. The analysis is
usually based on plane stress conditions, unless
specified otherwise. In all examples the beam walls
are assumed to be constituted by identical layers of
identical thickness, but the layers may have different
orientations. The geometry of the beam sections are
defined in terms of centre line dimensions.

3.1 Simply supported | beam under uniformly
distributed load

A 2.5m long open section I beam simply
supported at its two ends, and subjected to a
uniformly distributed transverse load of 1kN/m
along the web of the beam, is analysed using the
proposed element. The beam has a depth of 50mm, a
flange width of 50mm and the same thickness of
2.08mm for the flanges and the web. The study is
made with different symmetrical stacking sequences,
where the flanges and the web are having identical
lay-ups for all cases. The material properties of the
layers are given in Table 1. The analysis is carried
out assuming both plane stress and plane strain
conditions. The values of deflection at the centre of
the beam and the bending slope at its supports
obtained in the present analysis are presented in
Table 1 and Table 2, respectively. The results for the
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deflection are compared with those of Lee [7] and
Lee and Lee [12] in Table 1. Lee [7] considered the
effect of transverse shear deformation, whereas the
study of Lee and Lee [12] is based on classical
laminate theory. In both the studies [7, 12], one
dimensional finite element analysis has been applied
after obtaining the cross-sectional stiffness matrix
analytically. For the validation of the results in
[7,12], the beam structure was analysed using
ABAQUS [13] where the S9RS5 shell element was
used to model the beam. The results produced by
ABAQUS [13] are also included in Table 1. The
table shows an excellent agreement of the present
results with the other results, especially the results of
Lee [7]. Moreover, the present results based on
plane stress conditions are found to be closer to the
results produced by ABAQUS [13]. It is also
observed that only two elements could attain the
convergence in all the cases.

Table 1. Deflection w (cm) at the centre of the
simply supported I beam under uniform distributed
loading (E; = 53.78GPa, E, = 17.93GPa, G, =
8.96GPa, Gi; = 8.96GPa, Gy; = 3.45GPa, v, = 0.25)

Stacking sequence [0/0)as [15/-15]as  [30/-30]as
Present (O =0) - 21 6.2641 6.9286 9.3195
Present (0 =0) -4 6.2641 6.9286 9.3195
Present (&, =0)-2 6.1342 6.6404 8.3092
Present (&£, =0)-4 6.1342 6.6404 8.3092
Lee[7] (0, =0) 6.259 6.923 9.314
Lee[7](&£,=0) 6.129 6.637 8.307
Lee and Lee [12] (O =0) 6.233 6.899 9.290
Lee and Lee [12] (&, =0) 6.103 6.610 8.281
ABAQUS [13] 6.340 6.989 9.360
Stacking sequence [45/-45]ss  [60/-60)as  [75/-75)as
Present (O =0)-2 13.453 17.001 18.459
Present (0, =0)-4 13.453 17.001 18.459
Present (&£, =0)-2 11.369 15.153 17.686
Present (&£, =0)-4 11.369 15.153 17.686
Lee[7] (O =0) 13.446 16.992 18.449
Lee[7](&,=0) 11.363 15.151 17.683

Leeand Lee [12] (O, =0) 13.421 16.962 18.411

leeandlee[12](£,=0) | 11.340 15119 17643
ABAQUS [13] 13479 17.023 18490

1 Number of elements



Table 2. Bending rotation 6, x 100 (rad) at the
support of the simply supported I beam under
uniform distributed loading

Stacking sequence [0/0)4s [15/-15)ss  [30/-30]ss
Present (0 =0)-2 7.9778 8.8301 11.892
Present (O, =0) -4 79778 8.8301 11.892
Present (&£, =0)-2 7.8116 8.4613 10.600
Present (&, =0)-4 7.8116 8.4613 10.600
Stacking sequence [45/-45]ss  [60/-60]as  [75/-75)4s
Present (0, =0)-2 17.179 21.711 23.567
Present (O, =0)-4 17.179 21.711 23.567
Present (&, =0)-2 14.515 19.353 22582
Present (&, =0)-4 14.515 19.353 22.582

3.2 Clamped box beam under uniformly
distributed load

A box beam clamped at both the ends, and
subjected to uniformly distributed transverse load of
6.5kN/m along the mid-plane of one of the webs, is
analysed using the proposed element assuming both
plane stress and plane strain conditions. The beam is
assumed to be free from axial and warping restraints
at the supports. The beam is 1.0 m long, 70 mm deep
and 50 mm wide, where all the beam walls are 2 mm
thick having a stacking sequence of (45/-
45),/(0/0)¢/(45/-45),. The material properties
assumed for all layers are: E; = 148.0 GPa, E; = 9.65
GPa, G]z = G13 = G23 = 4.55 GPa, Vi = 0.3. The
values of the deflection and angle of twist at the
centre of the beam obtained using the present
analysis are presented in Table 3, along with results
obtained by Kollar and Springer [5] assuming plane
strain conditions, and Vo and Lee [14] assuming
both plane stress and plane strain conditions. Kollar
and Springer [5] solved the problem in closed form
(analytically), while Vo and Lee [14] applied one
dimensional finite element analysis after obtaining
the cross-sectional stiffness matrix analytically. As
both of the studies [5,14] did not consider the effect
of transverse shear deformation, the present analysis
was also carried out with a high value of transverse
shear rigidity (G5 = G,; = G5 x 10°), and the results
obtained are included in Table 3 (marked I). The
results show a significant effect of the transverse
shear deformation. The table shows that the
convergence of the present finite element
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formulation is good. It also shows a good agreement
between the results obtained by the different
techniques having similar basis.

Table 3. Deflection and angle of twist at the centre
of the clamped box beam under uniform distributed
loading

wx104(m)  Oxx 103 (rad)
Presentt (0 =0)-2 7.811 6.705
Presentt (0 =0)-4 7.811 6.703
Presentt (0 =0)-6 7.811 6.703
Presentt (&,=0)-2 5.779 2.755
Presentt (&£,=0)-4 5.779 2.754
Presentt (&,=0)-6 5.779 2.754
Presentt (0, =0)-2 4.940 6.705
Presentt (0 =0)-4 4.940 6.703
Presentt (0, =0)-6 4.940 6.703
Presentf (&,=0)-2 4378 2.755
Present (&, =0)-4 4.378 2.754
Presentt (&,=0)-6 4378 2.754
Voand Lee [14] (0, =0) 4.940 6.427
Voand Lee [14] (&, =0) 4.380 2,678
Kollar and Springer [5] ( &5 = 0) 4.880 2.760

T G13 = G2, 1 G13 = G2z = G1z, x 108

3.3 Cantilever | beam under tip load

A 30 inch long cantilever I beam subjected to a
transverse unit load (1.0 Ib) at the free end is
analysed using the proposed element assuming
restrained warping at both ends. The beam has a
depth of 0.5 inch, a flange width of 1.0 inch. and
same thickness (0.04 inch) is assumed for the
flanges and the web. The stacking sequence of the
flange is 0/90/0/90/90/0/15/15, while that of the web
is  0/90/0/90/90/0/90/0. The assumed material
properties are: E; = 20.59 x10° Psi, E, = 1.42 x10°
PSi, G]z = G]3 = 623 = (.89 x106 PSi, Vi = 0.42. The
variation of deflection, bending slope and twisting
rotation along the length of the beam are plotted in
Fig. 3, Fig. 4 and Fig. 5, respectively. The results for
the bending slope and twisting rotation are compared
with the numerical results of Jung et al. [4] and the
experimental results of Chandra and Chopra [15] in
Fig. 4 and Fig. 5.
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Fig. 3. Variation of deflection of the I beam
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Fig. 4. Variation of bending slope of the I beam
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Fig. 5. Variation of twisting rotation of the I beam
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Jung et al. [4] has produced results based on a
mixed formulation, as well as on the displacement
formulation of Smith and Chopra [16], where one
dimensional finite element has been applied after
getting the cross-sectional —stiffness matrix
analytically. The figures show a very good
agreement between the results.

3.4 Cantilever box beam under tip load/twisting
moment

A 30 inch long cantilever box beam having a
depth of 0.5 inch, a width of 0.923 inch and
assuming the same thickness (0.03 inch) for all the
walls consisting of 6 layers is analysed using the
proposed element.

‘—o— Present —s— Analytical FEM < Experimental ‘

Bending slope (rad) x 100

0 5 10 15 20 25 30 35
Distance from the support (inch)

Fig. 6. Variation of bending slope of the box beam
under a transverse load at the tip

‘ —e— Present —s— Analytical FEM -« Experimental ‘

Twisting rotation (rad) x 1000

0 5 10 15 20 25 30 35
Distance from the support (inch)

Fig. 7. Variation of twisting rotation of the box
beam under a transverse load at the tip



The assumed loading is either a unit transverse
load (1.0 Ib) applied at the free end, or a unit
twisting moment (1.0 lb-inch) applied at the free
end. The stacking sequence of the top and bottom
walls is (45/45);, while that of the left and right
walls is (45/-45);. The material properties of all
layers are assumed to be identical and equal to those
adopted in the previous example. The variation of
the bending slope and twisting rotation along the
length of the beam are plotted in Fig. 6 to Fig. 9
along with the analytical and experimental results of
Chandra et al. [2], and the finite element results of
Stemple and Lee [17]. The results of the different
methods are found to be in very good agreement.

‘ —e— Present —s— Analytical FEM Experimental ‘
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Fig. 8. Variation of bending slope of the box beam
under a twisting moment at the tip

‘ —e— Present —s— Analytical FEM Experimental ‘
25
o 204
(=]
(=]
o
-
x
g 15
=
L
8
o 10
j=2]
£
ki
E 5 /
0 4 T T T T T T
0 5 10 15 20 25 30 35
Distance from the support (inch)

Fig. 9. Variation of twisting rotation of the box
beam under a twisting moment at the tip
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4 Conclusions

A fully coupled beam element has been
developed for the analysis of thin-walled laminated
composite beams of open and closed cross sections
including axial displacement, torsion, out of plane
warping, bi-axial bending and transverse shear
deformation. The constitutive equations of the beam
element are derived analytically considering the
coupling of all these modes of deformation. The
resulting composite beam theory is applied to open I
section and closed box section beams. The
incorporation of transverse shear deformation
demands a C° formulation for the one dimensional
finite element approximation of the bending
deformations, while the torsional deformation
demands a C' formulation for the incorporation of
out of plane warping. The difficulty in implementing
both formulations in the present coupled problem is
successfully overcome by adopting an efficient
approach for the finite element approximation of the
bending deformations. Numerical examples of
composite open and closed section beams having
different load and boundary conditions are analysed
using the proposed element. The results obtained are
compared with analytical, experimental and/or other
finite element results available in literature, and the
comparisons show a very good performance of the
proposed fully coupled beam element. Some new
results are also presented for future references.

Acknowledgement

The work presented was carried out as part the
Innovation Consortium “Integrated Design and
Processing of Lightweight Composite and Sandwich
Structures” (abbreviated “KOMPO-SAND”) funded
by the Danish Ministry of Science, Technology and
Innovation and the industrial partners Composhield
A/S, DIAB ApS (DIAB Group), Fiberline
Composites A/S, LM Glasfiber A/S and Vestas
Wind Systems A/S. The support received is
gratefully acknowledged.

References

[1] Bauld N.R. and Tzeng L.S. “A Vlasov theory for
fiber-reinforced beams with thin-walled open cross
section”. International Journal of Solid and
Structures, Vol. 20, No. 3, pp 277-297, 1984.

[2] Chandra R., Stemple A.D. and Chopra I. “Thin-
walled composite beams under bending, torsion, and
extensional load”. AIAA Journal, Vol. 27, No. 7, pp
619-626, 1990.



[3] Cesnik C.E.S. and Hodges D.H. “VABS: A new
concept for composite rotor blade cross-section
modeling”. Journal of the American Helicopter
Society, Vol. 42, No. 1, pp 27-38, 1997.

[4] Jung S.N., Nagaraj V.T. and Chopra 1. “Refined
structural model for thin and thick walled composite
rotor blades”. AIAA Journal, Vol. 40, No. 1, pp 105-
116, 2002.

[5] Kollar L.P. and Springer G.S. “Mechanics of
composite structures™. Ist edition, Cambridge
University Press, 2003.

[6] Salim H.A., and Devalos J.F. “Torsion of open and
closed thin-walled laminated composite sections”.
Journal of composite materials, Vol. 39, No. 6, pp
497-524, 2005.

[7] Lee J. “Flexural analysis of thin-walled composite
beams using shear-deformable beam theory”.
Composite Structures, Vol. 70, No. 2, pp 212-222,
2005.

[8] Librescu L. and Song O. “Thin-walled composite
beams™. st edition, Springer, 2006.

[9] Berdichevsky V.L. “Variational-asymptotic method
of constructing a theory of shell”. PMM, Vol. 43, No.
4, pp 664-687, 1979.

[10]Sheikh A.H. “A new concept to include shear
deformation in a curved beam element”. Journal of
Structural Engineering, ASCE, Vol. 128, No. 3, pp
406-410, 2002.

[I1]Reddy J.N. “Mechanics of laminated composite
platesand shells : theory and analysis”. 2nd edition,
CRC Press, 2004.

[12]Lee J. and Lee S. “Flexural-torsional behavior of
thin-walled  composite =~ beams”.  Thin-Walled
Structures, Vol. 42, No. 9, pp 1293-1305, 2004.

[13]ABAQUS/Standard User's Manual, Version 6.1,
Hibbit, Kalsson & Sorensen Inc., 2003.

[14]Vo T.P. and Lee J. “Flexural-torsional behavior of
thin-walled closed-section composite box beams”.
Engineering Structures, To be published in 2007
(available online).

[15]Chandra R. and Chopra I. “Experimental and
theoretical analysis of composite I beams with elastic
couplings”. AIAA Journal, Vol. 29, No. 12, pp 2197-
2206, 1991.

[16]Smith E.C. and Chopra 1. “Formulation and
evaluation of an analytical model for composite box-
beams”. Journal of the American Helicopter Society,
Vol. 36, No. 3, pp 23-35, 1991.

[17] Stemple A.D. and Lee S.W. “A finite element model
for composite beams with arbitrary cross-sectional
warping”. AIAA Journal, Vol. 26, No. 12, pp 1512-
1520, 1988.

A.H. SHEIKH, O.T. Thomsen

10



