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Abstract  

Process-induced residual stress in fibre-
reinforced thermoset polymer-matrix composites 
was analysed using a unit cell model and the finite 
element method, with the consideration of chemical 
shrinkage of the epoxy resin and thermal cooling 
contraction of the whole fibre and resin system. The 
constitutive behaviour of the epoxy matrix was 
described by a cure and temperature dependent 
viscoelastic material model. Calculated residual 
stress shows strong dependency on the fibre volume 
fraction and fibre packing. The effect of residual 
stress on damage and failure of the model was also 
studied using the maximum stress failure criterion 
combined with a post-failure stiffness reduction 
technique. Both initial and final failure envelopes, 
predicted for biaxial normal (longitudinal and 
transverse) loading, were shown to be shifted and 
contracted by the inclusion of residual stress. 
 
 

1 Introduction  
Process-induced residual stress in polymer-

matrix composites is a direct consequence of the 
chemical shrinkage of the matrix during 
polymerisation and the mismatch of thermal 
contraction between the fibre and the matrix during 
cooling. The formation of residual stresses can have 
significant effects on the mechanical performance of 
composite structures by causing warpage [1] or 
initiating pre-load damage such as interface 
debonding and matrix microcracking [2, 3]. Both 
warpage and initial damage can reduce the stiffness 
and the strength of the material, as well as acting as 
sites for nucleation of macrocracks and 
environmental degradation. 

For thermoset polymer composites, a typical 
curing process consists of two steps: curing at a 
constant elevated temperature and thermal cooling 
from the curing temperature to room temperature. 

During curing, the polymer shrinks as a result of the 
purely chemical reaction (polymerisation) and its 
material characteristics change dramatically through 
the transition from a liquid state to a solid state 
while the reinforcement remains unchanged [4, 5]. 
For thermal cooling, both polymer and 
reinforcement contract but by different amounts and 
in addition the polymer may change its stiffness 
significantly. Therefore, the build-up of residual 
stress over time is governed by the change of 
volume and material properties during the complete 
cure process. 

Effects of residual stress on mechanical 
behaviour of the composite materials have been 
studied primarily by analytical methods. Nimmer [6] 
and Wisnom [7] showed that the presence of 
compressive residual stress at the interface of fibre 
and matrix is beneficial for the transverse behaviour 
of a composite with low interfacial strength. It was 
also shown that residual stress can result in changing 
and movement of the yielding surfaces for metal 
matrix composites [8]. For polymer-matrix 
composites, process-induced residual stress may 
introduce contraction and shifting of biaxial failure 
envelopes for transverse loading [9]. 

Residual stress is one of the major 
concerns in the manufacturing of polymer-
matrix composites, especially the effects of 
residual stress on damage and failure behaviour. 
In the present work, finite element analysis was used 
to study residual stress and its effect on damage and 
failure of fibre-reinforced thermoset polymer matrix 
composites using a micromechanical unit cell model. 
The residual stress introduced during curing was 
determined by considering both chemical shrinkage 
of resin and thermal cooling contraction of fibre and 
resin. A cure and temperature dependent viscoelastic 
material model was adopted to describe the 
constitutive relationship of the polymer matrix. 
Effects of fibre volume fraction and packing on 
residual stress were investigated. In addition, effects 
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of residual stress on damage and failure of the unit 
cell subjected to mechanical loading after curing 
were predicted using the maximum stress failure 
criterion and a post-failure stiffness reduction 
technique. 

 

2 Material 

2.1 Cure Kinetics  

Thermoset resin undergoes chemical reactions 
during the curing process at an elevated temperature. 
Curing of a resin occurs over time and the degree of 
cure depends on the temperature history. The 
chemical kinetics of thermoset resin defines the 
dependency of the degree of cure on temperature 
history. In order to capture the conversion-dependent 
material properties, the resin cure kinetics need to be 
characterized accurately. For epoxy resins, the 
autocatalytic model has been used widely to describe 
cure kinetics and this is also adopted here. The 
model can be expressed as follows [10] 
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where α is the degree of cure, t the time, K1 and K2 
the rate constants, n1 and n2 the exponents, K01 and 
K02 the temperature-independent factors, E01 and E02 
the activation energies, and R and T the universe gas 
constant and the temperature, respectively. The 
values of the parameters are given in Eom et al. [10]. 
As shown in Eom et al. [10], the predicted degree of 
cure from equations (1) and (2) agrees with the 
experimental measurements very well for cure 
temperatures between 150°C and 170°C. 

2.2 Viscoelastic Model  

As shown in Xia et al. [11], viscoelastic 
material behaviour for epoxy resin can be well 
described by a combination of Kelvin elements 
connected in series in a uniaxial representation. As a 
result, viscous strain rate can be obtained as the sum 
of the strain rate of each Kelvin element, i.e., 
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where Sijkl is the compliance components and τm = 
ηm/Em (m = 1, 2, …, n) denotes the retardation time 
with Em being the spring stiffness and ηm being the 
dashpot viscosity for the m-th Kelvin element, 
respectively.  

The retardation time τm in equation (3) 
determines a time duration after which the 
contribution from the individual Kelvin element 
becomes negligible. Therefore, the number of 
Kelvin elements adopted in the constitutive equation 
depends on the required time range. For simplicity, a 
time scale factor β was introduced in Xia et al. [11] 
and it was assumed that 
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The description of the nonlinear behaviour in 
the above model was achieved in Xia et al. [11] by 
letting Em be a function of the current equivalent 
stress, thus, 
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For epoxy resin, it was shown in Xia et al. [12] 
that the material shows different behaviour in 
uniaxial tension and compression. To account for 
this, the equivalent stress in equation (5) was defined 
as  
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where I1 = σ1 + σ2 + σ3 is the first invariant of the 
stress tensor, J2  = SijSij / 2 is the second invariant of 
the deviatoric stress Sij, and R is the ratio of the 
tensile to compressive “yield stress”.  

2.3 Cure and Temperature Dependent Material 
Properties 

The composite constituents considered here are 
glass fibre and epoxy resin. The properties of glass 
fibre are assumed to remain constant and 
independent of temperature, with the Young’s 
modulus E = 72.5 GPa, the Poisson’s ratio ν = 0.22 
and the coefficient of thermal expansion χ = 
5.0×10−6 / °C [13]. 
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For epoxy resin, the Young’s modulus is a 
function of the temperature T and the degree of cure 
α, which is expressed as [14] 

baT
E

TE
)cosh(
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where E0 is the Young’s modulus for fully cured 
resin at room temperature, a and b are constants. The 
function (7) is also applied for the spring stiffness Em 
of each Kelvin element to simulate the dependency 
of spring stiffness on the temperature and the degree 
of cure, i.e., 
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The thermal expansion coefficient χ of the 
epoxy resin is expressed as a linear function of the 
temperature, with χ = 63×10-6 / °C for 23°C and χ = 
139×10-6 / °C for 110°C [13]. 

In addition, the Poisson’s ratio for epoxy resin 
is taken to be constant and assumed to be 
independent of degree of cure and temperature. 
Values of the material properties and the model 
parameters required by equations (3) to (8) are all 
given in [11] and [14]. 

 

3 Analysis of Residual Stress  
Residual stress caused by constrained 

shrinkage and thermal cooling contraction of the 
resin can be expressed as 

{ }dTTdsdcdCd ijijijijijklij )(αδδεσ −−−= , (9) 

where dσij are the stress increments, dεij the total 
strain increments, dcij the viscous strain increments, 
ds the shrinkage strain increment, α(T) the thermal 
expansion coefficient, δij the Kronecker delta, dT the 
temperature change, and Cijkl the stiffness 
components.related to the Young’s modulus E and 
the Poisson’s ratio ν of the material. 

In Equation (9), the viscous strain can be 
obtained from the viscoelstic model in Section 2.2 
and the thermal strain can be obtained from the 
assigned thermal expansion coefficients and 
temperature history. The chemical shrinkage strain 
needs to be determined from the volumetric 
shrinkage of the resin associated with the reaction 
process. For a given incremental change in the 
degree of cure during reaction dα, the associated 

change in specific volume of the resin dV can be 
expressed as [15, 16], 

shVddV α= , (10) 

where Vsk is the total volume change in the resin at 
the end of cure. The isotropic resin shrinkage strain 
of a unit volume element of resin, resulting from an 
incremental volume resin shrinkage, is then given by 
[15, 16] 

113 −+= dVds . (11) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1 Illustration of the unit cell (enclosed by dashed 
lines) for square fibre arrays. 

 

4 Finite Element Model  
In composites, the actual fibre distribution is 

quite random over a cross section. For simplicity, 
most micromechanical models assume a periodic 
arrangement of fibres for which a unit cell can be 
isolated. The unit cell has the same elastic constants 
and fibre volume fraction as the composite. The 
periodic fibre sequences commonly used are the 
square, square-diagonal and hexagonal arrays. In 
this work, the square array as shown in Fig.1 is 
primarily considered in the finite element analysis 
and the matrix is assumed to be perfectly bonded to 
the fibres throughout the analysis. In addition, the 
square-diagonal and hexagonal arrays were also 
considered in order to study the effect of fibre 
packing on the generation of residual stress. 

Due to the symmetry only a quarter of the unit 
cell (Fig.2) is considered. Boundary conditions used 
for the quarter unit-cell model are summarized as 
follows 

u = 0 at face ABFE, v = 0 at face BCGF 
and w = 0 at face ABCD, 

(12) 

x 

y 

z 



LIGUO ZHAO, NA Warrior, AC Long 

4 

Equal u for face DCGH, equal v for face 
ADHE and equal w for face EFGH, 

(13) 

where u, v and w stand for the displacements in the 
x, y and z directions, respectively 

 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.2 A quarter of unit cell. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.3 Finite element mesh for a quarter of unit cell 
for square packing (dashed line indicates the 

interface). 
 
The mesh generated for the quarter model 

is shown in Fig.3 where the fibre volume 
fraction is taken to be 60% and 15-noded three-
dimensional wedge elements are used. The 
number of elements is approximately 1,300 for 
the quarter unit cell model. The average element 
size within the fine mesh region is around 4% of 
the fibre radius. Note that the mesh shown in 
Fig.3 only has one layer of elements in the fibre 
direction. Analyses have been carried out for 
meshes with multi-layers (up to twenty) 

elements in the fibre direction, and the same 
strain and stress fields (independent of the z 
coordinate) were obtained. Hence, for 
computational efficiency, the mesh with only 
one-layer elements in the fibre direction (see 
Fig.3) was considered throughout this work. 
Furthermore, mesh sensitivity analyses have 
shown that the mesh shown in Fig.3 is fine 
enough to produce accurate results compared to 
a doubly refined mesh, with a difference within 
0.3% in terms of residual stress and failure load 
level. 

 

5 Damage and Failure Prediction 
As shown in Fig.1, the unit cell model consists 

of fibre reinforcement and resin matrix. Depending 
on the failure mechanism, the following criteria for 
damage onset prediction were used. 

For transverse failure, damage tends to occur 
within the resin matrix and is related to the stress 
state within the (x, y) plane. In this case, failure is 
predicted from the maximum principal stress 
criterion in the (x, y) plane, i.e. 

t
u

yx σσ ≥),(
max  or c

u
yx σσ ≤),(

min
 (14) 

where ),(
max

yxσ  and ),(
min

yxσ  are the maximum and 
minimum principal stresses in the (x, y) plane and 

t
uσ  and c

uσ  are the tensile and compressive 
strengths of the resin, respectively. 

For longitudinal failure, damage might occur in 
both the fibre and the resin. Obviously, longitudinal 
failure is due to the normal stress in the fibre 
direction and the failure criterion can be expressed 
as 

t
uzz σσ ≥  or c

uzz σσ ≤  (15) 

where σzz is the normal stress in the z-direction 
(fibre-direction) and t

uσ  and c
uσ  are the tensile and 

compressive strengths of the fibre or the resin, 
respectively. 

Material strengths used for failure prediction 
are taken from Soden et al. [17] with tensile strength 
of 2150MPa and compressive strength of 1450MPa 
for the glass fibre and tensile strength of 80MPa and 
compressive strength of 120MPa for the epoxy resin 

In simulating material damage, it is common 
practice to reduce the stiffness (or stiffness in a 
certain direction) to a near zero value following the 
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onset of damage. Selective and non-selective 
stiffness reduction schemes are often used. Selective 
schemes are typically applied for composites where 
the load-carrying nature is dependent on the damage 
orientation [18]. In the present study, under normal 
loading, damage is distinguished by the transverse 
and longitudinal failure for matrix and thus a 
selective scheme is used. Specifically, for transverse 
failure only the modulus in the transverse direction 
was reduced to a near zero value (0.01 times the 
original value) after damage onset, while for 
longitudinal failure, only the modulus in the 
longitudinal direction was reduced (also 0.01 times 
the original value). 

The stiffness degradation scheme, together 
with the residual stress analysis from equation (9), 
was programmed into a user-defined material 
subroutine (UMAT) interfaced with the commercial 
finite element code ABAQUS standard [19]. During 
the analysis, the stress level was calculated at the 
Gauss integration points for each time increment and 
examined for damage detection using the above 
failure criteria. Once the failure criterion was 
satisfied, the stiffness reduction was applied for 
further analysis until final failure of the model. 

 

6 Results and Discussion 

6.1 Residual Stress 

The cure process considered here has two 
stages: curing at 150°C for 3 hours and thermal 
cooling from 150°C to 23°C (room temperature) at a 
cooling rate of 2°C/min. Therefore finite element 
analysis was performed in two discrete steps, where 
step one is the chemical shrinkage stress analysis at 
150°C and step two is the thermal cooling stress 
analysis from 150°C to 23°C. For the epoxy resin 
considered here, the total volume shrinkage Vsh was 
chosen to be 3% [20-22], which corresponds to a 
shrinkage strain of 0.99% (about 1%). 

A contour plot of the maximum principal 
residual stress is shown in Fig.4 for square fibre 
packing with a fibre volume fraction of 60%. It can 
be seen that, as expected, the resin experiences a 
tensile maximum principal residual stress while the 
fibre has a compressive maximum principal residual 
stress. The greatest value (48.8MPa) occurs in the 
central region (at θ = 45°) of the fibre-matrix 
interface of the quarter unit-cell model, within the 
resin. According to the maximum stress failure 
criterion, the residual stress can introduce resin 

failure along the interface of the fibre and the resin, 
which agrees with the experimental observation of 
interface microcracking shown in Gentz et al. [2, 3]. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.4 Contour plot of the maximum principal 

residual stress (MPa) for Vf = 60%. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Fig.5 Distribution of the maximum principal residual 
stress in the resin along the fibre/matrix interface for 

Vf = 60%. 
 
The distribution of the maximum principal 

residual stress in the resin along the interface is 
presented in Fig.5, where the elastic solution and the 
chemical shrinkage contribution are also included. 
Compared to the purely elastic solution, a reduction 
in residual stress was predicted due to the stress-
relaxation caused by the viscoelastic behaviour of 
the epoxy matrix. Also the results show that the 
chemical shrinkage of resin makes only a relatively 
small contribution to the overall residual stress due 
to the relatively low modulus at the high cure 

θ 
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temperature (150°C). At the central position in the 
interface of the quarter unit cell (θ = 45°), the 
maximum principal residual stress due to chemical 
shrinkage has a value of 5.9MPa, about 12% of the 
overall maximum principal residual stress 48.8MPa. 
This indicates that the curing shrinkage still makes a 
reasonable contribution to the overall residual stress, 
and should be included for stress analysis in polymer 
composites. 

 
 
 
 
 
 
 
 
 

 
 
 

 
 
 

Fig.6 Distribution of the maximum principal residual 
stress in the resin along the fibre/matrix interface for 

three different fibre volume fractions. 
 
The effects of fibre volume fraction on 

process-induced residual stress were studied for 
square packing arrangement. Fig.6 shows the 
maximum principal residual stress in the resin along 
the fibre-matrix interface for three different volume 
fractions, i.e., Vf = 50%, 60% and 70%, respectively. 
For all three volume fractions, the distribution of 
maximum principal residual stress follows a similar 
pattern, with the greatest value at θ = 45° and the 
lowest values at θ = 0° and 90°. The magnitude of 
residual stress was seen to increase with the increase 
in fibre content, since higher fibre content tends to 
prevent free shrinkage of the resin more significantly 
and causes increased residual stress. With the 
increase of fibre volume fraction, the maximum 
principal residual stress always remains tensile at θ 
= 45°. However, at θ = 0° and 90°, the maximum 
principal residual stress tends to become 
compressive with the increase of fibre volume 
fraction. For Vf  = 70%, it is noticed that a 
compressive maximum principal residual stress, up 
to −50.2MPa, was developed at θ = 0° and 90°. 
Increased tensile residual stress at θ = 45° might 
facilitate crack initiation or interface debonding in 
these areas, while developed compressive residual 

stress at θ = 0° and 90° might be beneficial in 
preventing interface debonding in those areas [6, 7]. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.7 Distribution of the maximum principal residual 
stress in the resin along the fibre/matrix interface for 
three different fibre packing (fibre volume fraction 

Vf = 60%). 
 
In addition to the square packing, hexagonal 

and square-diagonal packing were also considered to 
study the effects of fibre packing on residual stress 
(fibre volume fraction was 60% for both packing 
arrangements). Distributions of the maximum 
principal residual stress of the resin along the 
fibre/matrix interface are presented in Fig.7 for the 
three different fibre-packing arrangements. The 
magnitude of residual stress depends on the fibre 
arrays, with higher values for square and square-
diagonal packing and lower values for hexagonal 
packing. The magnitude of maximum principal 
residual stress for hexagonal packing is about 
36.8MPa at θ = 45°, about 25% lower than those 
seen in square and square diagonal packing. This 
may be as a result of the more uniform distribution 
of resin as seen in hexagonal packing. 

6.2 Effects of Residual Stress on Failure 
Envelopes 

To study the influence of residual stress on the 
response of the unit cell model, the damage onset 
and final failure were examined under mechanical 
loading for a square packing model with a fibre 
volume fraction of 60%. After curing and thermal 
cooling analysis, distributed normal traction was 
applied to the model surfaces. At each time 
increment of the analysis, the initiation and 
evolution of damage are monitored using the 
maximum stress failure criterion and stiffness 
reduction technique described in Section 5. 

θ 

θ 
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Fig.8 Effect of residual stress on initial failure 
envelopes for biaxial longitudinal and transverse 

normal loading. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Fig.9 Effect of residual stress on final failure 
envelopes for biaxial longitudinal and transverse 

normal loading. 
 
Under biaxial longitudinal (z-direction) and 

transverse (x-direction) normal loading, failure 
envelopes were constructed by considering different 
biaxial load ratios and the results are shown in Fig.8 
and Fig.9 for initial and final failures, respectively. 
Failure envelopes for no residual stress, as well as 
the test data of final failure for unidirectional E-
glass/epoxy composites from Soden et al. [23], are 
also included for comparison. Initial failure level 
corresponds to the onset of damage. With further 
increase of load after damage onset, damage 
develops from the location of onset and spreads over 
the unit cell. Final failure occurs when the damage 
spreads across the section normal to the loading 
direction which makes the unit cell unable to carry 

any further load. From Fig.8 and Fig.9, it can be 
seen that by considering the residual stress, both 
initial and final failure envelopes are shifted and 
contracted when compared to those derived by 
excluding residual stress. A similar shifting effect of 
residual stress on failure envelopes was also shown 
in Zhao et al. [9] for transverse biaxial normal 
loading. Also, Aghdam and Khojeh [8] showed that 
residual stress caused a shifting of initial yield 
surfaces for unidirectional fibre-reinforced metal-
matrix composites under transverse loading. By 
comparing Fig.8 and Fig.9, it can be seen that initial 
and final failure envelopes are very different in the 
regions with tensile longitudinal loading, since the 
initial failure is mainly transverse and occurs within 
the matrix, which is much earlier than the final 
matrix or fibre failure. In the regions with 
compressive longitudinal loading, the initial and 
final failure envelopes are comparable due to the 
rapid spread of damage over the unit cell after the 
damage onset 

From the failure envelopes in Fig.9, residual 
stress is shown to have little effect on the load levels 
for longitudinal final failure due to the high fibre 
strengths (see the two straight edges on the left and 
the right), but greatly affects the transverse failure 
behaviour due to the relatively low resin strengths. 
In the transverse failure region, residual stress is 
mainly detrimental for transverse compression by 
causing earlier compressive failure. For transverse 
tension, residual stress has a complex effect 
depending on the load ratios. Residual stress is 
beneficial for load ratio −14.0 < RLT < 4.0 and 
detrimental for 4.0 < RLT < 48.0 (RLT is the ratio of 
longitudinal load to transverse load). 

Experimental data in Fig.9 follow the 
predictions in the tension-tension region, but show a 
big discrepancy in the tension-compression region. 
There are four aspects which might contribute to the 
discrepancy. Firstly, test data in Soden et al. [23] 
were taken from the biaxial tests performed by Al-
Khalil et al. [24] on nearly unidirectional ±85° E-
glass/MY750-epoxy tubes (with a fibre volume 
fraction of approximately 60%), which are, strictly 
speaking, bi-directional composites. Therefore, the 
tests could overestimate the transverse compressive 
strength due to the additional contributions from the 
fibres present in the transverse direction. Secondly, 
the curing procedure for the tested tubes was 
different, with 2 hours at 90°C followed by 1.5 hours 
at 130°C and 2 hours at 150°C [23], which might 
introduce different residual stress states in the tested 
tubes and affect their failure behaviour, particularly 
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for transverse loading situations. Thirdly, the stress-
based criterion for compressive damage prediction 
in the matrix resin used in this work might 
underestimate the failure level, since the test curve 
for compressive stress and strain shows a softening 
behaviour [12]. This means that compressive 
strength does not reflect the final failure correctly 
under compressive loading. Other failure criteria, 
such as a strain based failure criterion, may be more 
appropriate for detection of compressive failure in 
the resin matrix. Finally, non-ideal fibre distribution 
and concentration in real composites could also 
make contributions to this difference [25]. 

 

7 Conclusions 
A thermoviscoelastic micromechanical model 

and the finite element method have been used to 
study process-induced residual stress in 
unidirectional fibre-reinforced polymer-matrix 
composites. Viscoelastic behaviour was assigned to 
the epoxy matrix with cure and temperature 
dependent material properties. From a three-
dimensional unit cell, residual stress was computed 
by considering the chemical shrinkage of the epoxy 
resin and the thermal cooling contraction of the 
whole fibre and resin system. 

Computed residual stress shows strong 
dependency on the fibre volume fraction and fibre 
packing. A higher fibre volume fraction will result in 
much greater residual stress levels due to stronger 
fibre constraints on the matrix contraction. Fibre-
packing studies suggest that evenly distributed 
fibres, as in hexagonal packing, could reduce the 
magnitude of residual stress by weakening the 
overall fibre constraints. 

Using the maximum stress failure criterion, 
effects of residual stress were addressed on failure 
envelopes. The inclusion of residual stress results in 
contraction and movement of both the initial and 
final failure envelopes predicted for biaxial normal 
(longitudinal and transverse) loading. For final 
failure, residual stress shows little effect on the load 
levels for fibre-dominated longitudinal failure, but 
greatly affects the load levels for matrix-dominated 
transverse failure. 
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